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Abstract

Existence, Uniqueness, Concavity and Geometry of the Monopolist’s Problem Facing Consumers with
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2018

A monopolist wishes to maximize her profits by finding an optimal price menu. After she announces
a menu of products and prices, each agent will choose to buy that product which maximizes his utility,
if positive. The principal’s profits are the sum of the net earnings produced by each product sold. These
are determined by the costs of production and the distribution of products sold, which in turn are based
on the distribution of anonymous agents and the choices they make in response to the principal’s price

menu.

In this thesis, two existence results will be provided, assuming each agent’s disutility is a strictly
increasing but not necessarily affine (i.e., quasilinear) function of the price paid. This has been an open
problem for several decades before the first multi-dimensional result obtained here and independently

by Néldeke and Samuelson in 2015.

Additionally, a necessary and sufficient condition for the convexity or concavity of this principal’s (bi-
level) optimization problem is investigated. Concavity when present, makes the problem more amenable
to computational and theoretical analysis; it is key to obtaining uniqueness and stability results for the
principal’s strategy in particular. Even in the quasilinear case, our analysis goes beyond previous work
by addressing convexity as well as concavity, by establishing conditions which are not only sufficient
but necessary, and by requiring fewer hypotheses on the agents’ preferences. Moreover, the analytic
and geometric interpretations of a specific condition relevant to the concavity of the problem have been

explored.

Finally, various examples are given to explain the interaction between preferences of agents’ utility and
monopolist’s profit which ensure statements equivalent to the concavity of the principal-agent problem.
In particular, an example with quasilinear preferences on n-dimensional hyperbolic spaces is given with
explicit solutions to show uniqueness without concavity. Similar results on spherical and Euclidean
spaces are also provided. Additionally, the solutions of hyperbolic and spherical cases converge to those

of Euclidean spaces as curvature goes to 0.
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Chapter 1

Introduction

1.1 Problem formulation

As one of the central problems in microeconomic theory, the principal-agent framework characterizes
the type of non-competitive decision-making problems which involve aligning incentives so that one
set of parties (the agents) finds it beneficial to act in the interests of another (the principal) despite
holding private information. Such problem arises in a variety of different contexts. Besides nonlinear
pricing [, 9, 43, 46], economists also use this framework to model many different types of transactions,
including tax policy [14, 26, B5], contract theory [33], regulation of monopolies [3], product line design
[B7], labour market signaling [42], public utilities [34], and mechanism design [17, 23, 24, 27, B1, 45].
Many of these share the same mathematical model. In this thesis, we use nonlinear pricing to motivate
the discussion, although our conclusions may be equally pertinent to many other areas of application.

We only consider the case where both agent types and product attributes are continuous.

Consider the problem for a multiproduct monopolist who sells indivisible products to a population
of consumers, who each buy at most one unit. Assume there is neither cooperation nor competition
between agents. Additionally, assume the monopolist is able to produce enough of each product such
that there are neither product supply shortages nor economies of scale. Taking into account participation
constraints and incentive compatibility, the monopolist would like to find the optimal menu of prices to

maximize her total profit.

Let X,Y be open and bounded subsets in R™ and R™ (m > n), respectively, with closures ¢l/(X) and
c(Y). Suppose the monopolist wants to maximize her profits by selecting the dependence of the price
v(y) on each type y € cl(Y) of product sold. An agent of type x € X will choose to buy that product
which maximizes his benefit

u(z) = ygﬁi(}}(/)(}'(x,y,v(y)), (1.1.1)

where (z,y,2) € X x (YY) x R +— G(z,y,2) € R, is the given direct utility function for agent type x

to choose product type y at price z.

After agents, whose distribution du(x) is known to the monopolist, have chosen their favorite items
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to buy, the monopolist calculates her profit given by the functional

(v,y) == /X (2, y(@), v(y(@))) du(a), (11.2)

where y(x) denotes the product type y which agent type = chooses to buy (and which maximizes (|l.1.1])),
v(y(z)) denotes the selling price of type y(z) and m € C9(cl(X x Y) x R) denotes the principal’s net
profit of selling product type y € cl(Y) to agent type z € X at price z € R. The monopolist wants to

maximize her net profit among all lower semicontinuous pricing policies.

In economic models, incentive compatibility is needed to ensure that all the agents report their
preferences truthfully. According to the revelation principle (see [B0]), this costs no generality. Decisions
made by monopolist according to the information collected from agents then lead to the expected market
reaction (as in [§, B7]). Individual rationality is required to ensure full participation so that each agent
will choose to play, possibly by accepting the outside option. Individual agents accept to contract
only if the benefits they earn are no less than their outside option. We model this by assuming the
existence of a distinguished point yy € cl(Y) which represents the outside option, and whose price
cannot exceed some fixed value zy € R beyond the monopolist’s control. This removes any incentive
for the monopolist to raise the prices of other options too high. (We can choose normalizations such as

m(x,yp, 29) = 0 = G(z, yp, z9) and (yg, z¢) = (0,0), or not, as we wish.)

The following is a table of notation:

Table 1.1: Notation

Mathematical . .
) Economic Meaning
Expression
T agent type
y product type

X CR™ (open, bounded) domain of agent types
cd(Y) c R” domain of product types, closure of Y

v(y) selling price of product type y (in Chapter E we use p(y) instead)
v(yp) < 2y price normalization of the outside option yy € cl(Y)
u(z) indirect utility of agent type x
domDu points in X where u is differentiable

G(z,y,2) direct utility of buying product y at price z for agent x
H(z,y,u) price at which y brings = value u, so that H(x,y, G(z,y,2)) = z

w(x,y, z) the principal’s profit for selling product y to agent x at price z
du(x) Borel probability measure giving the distribution of agent types on X

<L Lm w1 vanishes on each subset of R™ having zero Lebesgue volume £
(v, y) monopolist’s profit facing agents’ responses y(-) to her chosen price policy v(+)
II(u) monopolist’s profit, viewed instead as a function of agents’ indirect utilities u(-)

Definition 1.1.1 (Incentive compatible and individually rational). A measurable map z € X ——



CHAPTER 1. INTRODUCTION 3

(y(z),z(x)) € (Y x Z) of agents to (product, price) pairs is called incentive compatible if and only
if G(z,y(z),2(x)) > G(z,y(2'),2(z")) for all (z,2”) € X2. Such a map offers agent = no incentive to
pretend to be z’. It is called individually rational if and only if G(z,y(z),z(x)) > G(x,yg, z¢) for all

x € X, meaning no individual z strictly prefers the outside option (yg, zp) to his assignment (y(z), z(z)).

Proposition 1.1.2. The principal’s program is as follows:

supTI(v, ) = [y 7, y(), v(y(e)))dp(z)  subject to
(Po)§ z € X — (y(z),v(y(z))) incentive compatible, individually rational,

and v : c(Y) — cl(Z) lower semicontinuous with v(yy) < zp.

1.2 Background

We study a general version of a multidimensional nonlinear pricing model, which is a natural extension
of the models studied by Mussa-Rosen [29], Mirrlees [26], Spence [12, 43], Myerson [31], Baron-Myerson
[B], Maskin-Riley [23], Wilson [46], Rochet-Choné [37], Monteiro-Page [27] and Carlier [5]. A major
distinction lies in whether the agents’ private type is one-dimensional (such as [29, 23]), or multidimen-
sional (such as [B3, B7, 27, b]). Another distinction is whether preferences are quasilinear on price (such

as [, 5]) or fully nonlinear (such as [32, 25]), especially for multidimensional models.

For the quasilinear case, where the utility G(z,y, z) depends linearly on its third variable, and net
profit 7(z,y, 2) = z — a(y) represents difference of selling price z and manufacturing cost a of product
type y, theories of existence [4, B, b, 27], uniqueness [, 11, 29, B7] and robustness [4, 11] have been well
studied.

When parameterization of preferences is linear in agent types and price, where cl(X) = cl(Y) =
[0,00)", G(z,y,2) = {(x,y) — 2z, and (yg,2p) = (0,0), Rochet and Choné (1998, [37]) not only obtain
existence results but also partially characterize optimal solutions and expound their economic interpre-
tations, given that monopolist profits can be characterized by the aggregate difference between selling

prices and quadratic manufacturing costs. Here (, ) denotes the Euclidean inner product.

More generally, Carlier ([5]) has proved existence results for general quasilinear utility G(z,y, z) =
b(x,y) — z, where agent type and product type are not necessarily of the same dimension and monopolist

profit equals selling price minus some linear manufacturing cost.

Figalli-Kim-McCann [11] reveals the equivalence of function space convexity to a non-negative fourth
order cross-curvature condition, and conditions of functional concavity, where uniqueness and stability

of the monopolist’s maximizing strategy follow from strict concavity.

1.3 Motivation

Starting from the celebrated work of Nobel laureates Mirrlees [26] and Spence [42], there are two main
types of generalizations. One generalization is regarding dimension, from one-dimensional to multi-

dimensional. The other generalization is in the form of utility functions, to beyond quasilinear.
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The generalization of quasilinear to nonlinear preferences has many potential applications. For
example, the benefit function G(z,y,v(y)) = b(x,y) — v*(y) models agents who are more sensitive to
higher prices, while the function G(z,y,v(y)) = b(z,y) — v2 (y) models agents who are less sensitive to
higher prices, and utility G(z,y,v(y)) = b(x,y) — f(x,v(y)) describes the scenario when different agents
might have different sensitivities to the same price. See Wilson [46, Chapter 7] for the importance
of taking income effects into account. Very few results are known for such nonlinearities, due to the

complications which they entail.

In 2013, Trudinger’s lecture at the optimal transport program at MSRI inspired us to try generalizing
Carlier [f] and Figalli-Kim-McCann [L1] to the non-quasilinear case. With the tools developed by
Trudinger [44] and others [2, 41], we are able to provide existence, convexity, and concavity theorems

for general utility and net profit functions.

The generalized existence problem was also mentioned as a conjecture by Basov [4, Chapter 8].
Independently of the present work, Noldeke and Samuelson (2015, [32]) provided a general existence
result assuming that cl(X), ¢l(Y) are compact and the utility G is decreasing with respect to its third

variable, by implementing a duality argument based on Galois connections.

The equivalence of concavity to the corresponding non-negative cross-curvature condition revealed
by Figalli-Kim-McCann [[11] directly motivates our work. In addition to the quasilinearity of G(x,y, z) =
b(z,y) — z essential to their model, they require additional restrictions such as m = n and b € C*(cl(X x
Y)) which are not economically motivated and which we shall relax or remove. However, we shall
eventually show that under certain conditions the concavity or convexity of G and 7 (or their derivatives)
with respect to v tends to be reflected by the concavity or convexity of I, not with respect to v or y, but
rather with respect to the agents’ indirect utility u, in terms of which the principal’s maximization is
reformulated. Moreover, our results allow for the monopolist’s profit 7 to depend in a general way both
on monetary transfers and on the agents’ types x, revealed after contracting. Such dependence plays an

important role in applications such as insurance marketing.

Inspired by Kim-McCann [1§], which expressed the fourth-order Ma-Trudinger-Wang condition in
optimal transportation theory as the non-negativity of the sectional curvature in a specific pseudo-
Riemannian geometry, we would like to explore the geometric interpretations of the (G3) hypothesis, a

Ma-Trudinger-Wang type condition, for our concavity results.

The work [L1] by Figalli-Kim-McCann provides a non-negative definiteness condition of a certain
fourth order differential expression (B3), which not only is equivalent to the convexity of some function
space, but also implies concavity of the maximization functional, and thus uniqueness follows from a strict
version of (B3). One may wonder what happens if this curvature condition (B3) is violated. Inspired by
Loeper [20], which claims that, for quasilinear Riemannian quadratic utility, (B3) is satisfied only if the
Riemannian sectional curvature is non-negative, some part of the thesis aims to investigate uniqueness
without concavity on the hyperbolic spaces with constant negative curvatures. Besides, previously there

are few explicit results on spaces of dimensions greater than two.

It is worth mentioning that given the technical arguments exploited in this thesis, it may be very fruit-
ful to study possible generalizations of other known results for convex functions to G-convex functions,
which will be defined in Section @
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1.4 OQOutline of the thesis

Chapter 2 provides some preliminaries and, in particular, a generalized notion of convexity: the G-
convexity (c.f. [44, 2, #1]). We also see that the incentive compatibility is conveniently encoded by the

G-convexity of the agents’ indirect utility u, which is an analog of Carlier [p].

Initiated independently of [32], Chapter E provides a general existence result for the multidimensional
monopolist model with general nonlinear preferences with less restriction on boundedness of the product
domain, by extending Carlier [5] to fully nonlinear preferences. Due to the lack of natural compactness,
the proof of this work is quite different from that of Noldeke-Samuelson. Furthermore, G-convex analysis,
which is strongly tied to Trudinger’s theory on the regularity of nonlinear PDEs [44] developed for vastly

different purposes, is employed to deal with the difficulty of non-quasilinear preferences.

Chapter H presents another general existence result given the generalized single-crossing condition and
boundedness of the consumer-type and product-type spaces. This result is also shown using G-convex

analysis, but the proof is different from Chapter E, since most assumptions are different.

We will show convexity results in Chapter a In Chapter a, we generalize uniqueness and concavity
results of Figalli-Kim-McCann to the non-quasilinear case. In this work, we first give a necessary and

sufficient condition (G3) under which the function space Up is convex.

We then provide the equivalent conditions, respectively, to the concavity, convexity, uniform conca-
vity, and uniform convexity of the functional II. We also give sufficient conditions for strict concavity,
which implies uniqueness for this problem. Besides, the maximizers of II may not be unique under con-
vexity but are attained at some extreme point(s) (the elements that cannot be represented by a convex

combination of other elements) of the function space Up.

We also show that the concavity condition is equivalent to the non-positive definiteness of some

quadratic form on R™t1,

The condition (G3) is so crucial to the concavity result that we want to investigate it a bit more.
Chapter B shows that (G3) is equivalent to the non-positive definiteness of some fourth order differential
expression along affinely parametrized line segments, which is an analog of the non-negative definiteness
of the fourth order condition given in Trudinger [44] for regularity of prescribed Jacobian equations. It
also coincides in the quasilinear case with the fourth order condition provided by Figalli-Kim-McCann
n [11], which strengthens to the Ma-Trudinger-Wang condition [21] in regularity theory of Optimal

Transport.

Motived by Kim-McCann [1§], in Chapter H, we will show that (G3) is equivalent to the non-negativity
of the sectional curvature in a natural pseudo-Riemannian geometry associated to the economic problem
at hand.

Oriented by Loeper’s work [20], Chapter E proves uniqueness by showing (in exact form) the unique
solutions of special examples with quasilinear preferences where domains are symmetric disks on the n-
dimensional hyperbolic spaces H", and the utilities are quasilinear quadratic hyperbolic distances. It also
shows solutions on the spheres S™ and Euclidean spaces R", where the utilities are quasilinear quadratic
spherical and Euclidean distances, respectively. Moreover, the solutions on S™ and H” converge to those

on R™ as curvature goes to 0.
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For non-quasilinear preferences, we specialize the form obtained from Chapter a into various examples

and give the equivalent conditions to the concavity/convexity of the maximization problem.

Remark 1.4.1. Chapter @ E, B, H and the second part of Chapter E are joint work with my advisor
Robert J. McCann (see McCann-Zhang [25]). It should be mentioned here that neither the convexity
work, nor the earlier two existence results, require the monopolist’s profit to take on a particular form,
which is a generalization from much of the literature. We believe that the (G3) condition and the
concavity results are critical steps for the computational analysis of the multidimensional nonlinear
principal-agent problem. It will be exciting to investigate the situations when the monopolist has less or
inaccurate information, as well as how our results apply to the duopoly and other oligopoly games. The
G-convexity method in this thesis is potentially applicable to other problems under the same principal-
agent framework, such as the study of tax policy ([26]) and other regulatory policies ([3]). For an

application of G-convexity to geometric optics, see [L6].



Chapter 2

Preliminaries and G-convexity

2.1 Preliminaries

Let X be a subset of R™.

Definition 2.1.1 (Subdifferential). Recall that the subdifferential of a function u : X — R at xg € X
is defined as the set:

ou(zo) :={y € R™ | u(x) — u(xo) > (x — xo,y), forall z € X}. (2.1.1)

Here ( , ) denotes the Euclidean inner product.

Lemma 2.1.2. The set defined in () is nonempty for every xo € X if and only if u is convez.
We give a proof below for a generalized version of this lemma.
For any vectors p,w € R"™, we denote p || w if p and w are parallel.

We use L™ to denote Lebesgue measure on R™, which characterizes the m-dimensional volume. A
non-negative measure p is said to be absolutely continuous with respect to £ if for every measurable
set A, L™(A) =0 implies u(A) = 0. This is written as p < L™.

Let f be a function on X. We say f € L'(X) if [, |f(x)|dL™(z) < co. Denote by W' (X) the
Sobolev space of L!(X) functions whose first derivatives exist in the weak sense and belong to L!(X).
For more properties of Sobolev spaces and weak derivatives, see Evans [[10, Chapter 5]. If w is a subset

of X, the notation w CC X means that the closure of w is also included in X.

Here we use G, = (25, 25 96 @, = (28, 9G 8G

Bl 9xZr ) Do Dyl By W)’ G, = % to denote derivatives with
respect tox € X CR™ , y € Y C R", and z € R, respectively. Also, for second partial derivatives, we
adopt the following notation

el el el
Oxloyl Ox1oy? dxloyn
8%G 8%G 9%G
Ox20y! O0x20y2 ox20yn
Goy = . . .
el el el
Ox™ Oyl Ox™ Oy? Ox™Oy™
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_ (.9°G %G el
and G937Z - (Baslaz’ 0120z """ Bmmaz)'

A function is said to be C? if it is continuous on its domain. We say G € C(cl(X x Y x Z)),

if all the partial derivatives %, ...,3‘1%, ng;lv . gfn, %—f exist and are continuous. Also, we say

G € C?(cl(X x Y x Z)), if all the partial derivatives up to second order (i.e. g)j—a%, where o, 8 =

b a™ yl . y", 2) exist and are continuous. Any bijective continuous function whose inverse is also

continuous, is called a homeomorphism (a.k.a. bicontinuous).

We will use Einstein notation for simplifying expressions including summations of vectors, matrices,
and general tensors for higher order derivatives. There are essentially three rules of Einstein summation
notation, namely: 1. repeated indices are implicitly summed over; 2. each index can appear at most
twice in any term; 3. both sides of an equation must contain the same non-repeated indices. For
example, a;;v; = Y, a;jv;, aijbkjvk = Zj Dok aijbkjvk. We also use a comma to separate subscripts:
the subscripts before the comma represent derivatives with respect to the first variable and those after
the comma represent derivatives with respect to the second variable. For instance, for b = b(x,y), bk
represents second derivatives with respect to y only. And for G = G(z,y, z), where z € R, G} ;. denotes
third order derivatives with respect to z, y and z, instead of using another comma to separate subscripts

corresponding to y and z.

2.2 (G-convex, G-subdifferentiability

In this section, we introduce some tools from convex analysis and the notion of G-convexity (c.f. [44, 2,

41]]), which is a generalization of ordinary convexity.

Let X, Y, and Z be subsets of R™, R", and R respectively. Assume G : X XY x Z — R is any
function which is strictly decreasing in its last variable. For each (z,y) € X xcl(Y) and u € G(z,y, cl(Z)),
define H(x,y,u) := z whenever G(z,y, z) = u, i.e., H(x,y,-) = G~ (z,y,-). In the context of nonlinear
pricing, G(z,y, z) represents the utility that consumer z obtains for purchasing product y at price z,

while H(x,y,u) denotes the price paid by agent x for product y when receiving value w.

From Lemma , for any convex function u on X and any fixed point xg € X, there exists
Yo € Ou(xp), satisfying
u(z) > (x,y0) — ((zo,yo) — u(xg)), for all x € X, (2.2.1)

where equality holds at = xg. On the other hand, if for any z¢ € X, there exists yg, such that ()
holds for all z € X, then wu is convex. The following definition is analogous to this property, which is a

special case of G-convexity, when G(z,y, z) = (x,y) — z. In this case, we have H(z,y,u) = (z,y) — u.

Definition 2.2.1 (G-convexity). A function u € C°(X) is called G-convez if for each zy € X, there
exist yo € cl(Y), and 2y € cl(Z) such that u(zg) = G(zo, Yo, 20), and u(x) > G(z,yo, 20), for all z € X.

Similarly, one can also generalize the definition of subdifferential from ()

Definition 2.2.2 (G-subdifferentiability). The G-subdifferential of a function v : X — R is a point-
to-set mapping defined by

O%u(x) == {y € d(Y)|u(z') > G(z',y, H(z,y,u(x))), for all 2’ € X}.
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A function v is said to be G-subdifferentiable at z if and only if 0%u(z) # (Z).m

In particular, if G(z,y, z) = (x,y) — z, then the G-subdifferential coincides with the subdifferential.
There are other generalizations of convexity and subdifferentiability. For instance, h-convexity in Carlier
[B], or equivalently, b-convexity in Figalli-Kim-McCann [11], or c-convexity in Gangbo-McCann [12], is
a special form of G-convexity, where G(x,y,z) = h(x,y) — z, which plays an important role in the
quasilinear case. For more references of convexity generalizations, see Kutateladze-Rubinov [[19], Elster-
Nehse [9], Balder [2], Dolecki-Kurcyusz [[7], Singer [41], Rubinov [40], and Martinez-Legaz [22].

As mentioned above, a well-known result in convex analysis is that a function is convex if and only

if it is subdifferentiable everywhere. The following lemma adapts this to G-convexity.

Lemma 2.2.3. A function u: X — R is G-convex if and only if it is G-subdifferentiable everywhere.

Proof. Assume u is G-convex, we want to show that u is G-subdifferentiable everywhere, i.e., we need
to prove 0%u(zo) # 0 for all o € X.
Since u is G-convex, by definition, for each z, there exists yo, 2o, such that u(zo) = G(zo, yo, 20),

and for all x € X,
u(x) > G(x,y0,20) = Gz, yo, H(xo, yo, u(x0)))-

By the definition of G-subdifferentiability, yo € 9%u(xo), i.e. d%u(xq) # 0.

On the other hand, assume u is G-subdifferentiable everywhere, then for each xy € X, there exists
Yo € 0%u(xg). Set 2o := H(xo,y0,u(x0)) so that u(xe) = G(z0,v0, 20)-

Since yo € d%u(xy), for all z € X, we have

u(z) > G(x,yo, H(xo, yo, u(xo))) = G(z,y0, 20)-

By definition, u is G-convex. O

Using Lemma , one can show the following result, which connects incentive compatibility in the
economic context with G-convexity and G-subdifferentiability in mathematical analysis, generalizing the
results of Rochet [36] and Carlier [5].

Proposition 2.2.4 (G-convex utilities characterize incentive compatibility). Let (y,z) be a pair of
mappings from X to cl(Y) x cl(Z). This (product, price) pair is incentive compatible if and only if
u() == G(-,y(), 2(-)) is G-convex and y(x) € O%u(x) for each x € X.

Proof. “ = 7. Suppose (y,z) is incentive compatible. For any fixed g € X, let yo = y(xg) and
2o = z(xg). Then u(xzg) = G(xo,y(x0), 2(x0)) = G(x0, Yo, 20). By incentive compatibility of the contract
(y,z), for any = € X, one has G(x,y(x), z(z)) > G(x,y(x0), 2(x¢)). This implies u(x) > G(x,yo, 20), for
any « € X, since u(z) = G(x, y(z), z(x)), yo = y(xo) and zp = z(xp). By definition, u is G-convex.

Since u(xzg) = G(x0,yo0,20), by definition of function H, one has zp = H(xq,yo,u(xo)). Com-
bining with w(z) > G(x,yo,20), for any € X, which is concluded from above, we have u(xz) >
G(z,yo, H(z0, yo,u(x0))), for any x € X. By definition of G-subdifferentiability, one has yo € 9%u(zo),
and thus y(zo) = yo € 0%u(zo).

n Trudinger [44], this point-to-set mapping 8% is also called G-normal mapping; see this paper for more properties
related to G-convexity.
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“ <. Assume that u = G(z,y(x), z(z)) is G-convex, and y(z) € d%u(x), for any x € X. For any
fixed x € X, since y(z) € 9%u(x), for any 2’ € X, one has

u(z") > G2, y(z), H(x,y(x), u(x))). (2.2.2)

Since u(z) = G(z,y(x), z(x)), by definition of function H, one has z(z) = H(z,y(x),u(z)). Combining
with the mequahty ), we have u(z’) > G(2/,y(x), z(x)). Noticing u(z’) = G(a',y(a'), z(z')), one
has G(2',y(z'), 2(z")) = u(a’) > G(2', y(x), 2(z)). By definition, (y, z) is incentive compatible. O



Chapter 3

Existence: unbounded product

spaces

3.1 Introduction

Recently, Noldeke-Samuelson (2015, [32]) provided a general existence result assuming that the consumer
and product space are compact, by implementing a duality argument based on Galois connections. In this
chapter, we explore existence using G-convex analysis, which was introduced in Section @, but with less
restriction on boundedness of the product domain and without assuming the generalized single-crossing
condition. As a result of the lack of natural compactness, the proof of this result is quite different from
that of Noldeke-Samuelson [B2]. It should be mentioned here that the existence results from this chapter,
Chapter H, and Noldeke-Samuelson require no restrictions on the monopolist profit to take on a special

form, which is a generalization from much of the literature.

In Section @, we identified incentive compatibility with a G-convexity constraint. In this chapter,
we will rewrite the maximization problem by converting the optimization variables from a product-price
pair of mappings to a product-value pair. It can then be shown that the product-value pair converges

under the G-convexity constraint. The existence result follows.

The remainder of this chapter is organized as follows. Section @ states the mathematical model and
assumptions. Section @ reformulates the monopolist’s problem and prepares some propositions for the

next section. In Section @, we state the existence theorem as well as the convergence proposition.

3.2 Model

Our model of the principal-agent problem is a bilevel optimization. After a monopolist publishes her
price menu, each agent maximizes his utility through the purchase of at most one product. Knowing only
the distribution of agent types, the monopolist maximizes aggregate profits based on agents’ choices,

which are based on the price menus.

Suppose the agents’ preferences are given by some parametrized utility function G(z,y, z), where

is a M-dimensional vector of consumer characteristics, y is a N-dimensional vector of attributes of each

11
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product, and z represents the price of each product. Denote by X the space of agent types, by Y the
space of products, by ¢l(Y') the closure of Y, by Z the space of prices, and by cl(Z) the closure of Z.
In this chapter only, we use the letters M and N as dimensions of the spaces of agents and products.

Other chapters adopt m and n as dimensions of the corresponding spaces.

The monopolist sells indivisible products to agents, i.e., she will sell neither a part/percentage of
one product nor a product with some probability. Each agent buys at most one unit of product. We
assume no competition, cooperation, or communication between agents. For any given price menu
p:cd(Y) — c(Z), an agent € X knows his utility G(z,y, p(y)) for purchasing each product y at price
p(y). Tt follows that each agent solves the following maximization problem

u(z) == max G(z,y,p(y)), (32.1)

yecl(Y)
where u(z) represents the maximal utility agent = can obtain, and u : X — R is also called the value
function or indirect utility function. At this point, it is assumed that the maximum in (B.2.1)) is attained

for each agent .

If agent x purchases product y at price p(y), the monopolist would earn from this transaction a
profit of 7(z,y,p(y)). For example, monopolist profit can take the form 7 (z,y,p(y)) = p(y) — c(y),
where ¢(y) is a variable manufacturing cost function. Summing over all agents in the distribution du(z),

the monopolist’s total profit is characterized by

(p,y) = /X (), ply (@) du(a), (3.2.2)

which depends on her price menu p: cl(Y) — cl(Z) and agents’ choices y : X — cl(Y).m

Since the monopolist only observes the overall distribution of agent attributes and is unable to
distinguish individual agent characteristics, the monopolist takes into account the following incentive-
compatibility constraint when determining product-price pairs (y, p(y)), which ensures that no agent has

the incentive to pretend to be another agent type.

In addition, we adopt a participation constraint in order to rule out the possibility of the monopolist
charging exorbitant prices and the agents still having to make transactions despite this: each agent
x € X will refuse to participate to the market if the maximum utility he can obtain is less than his

reservation value ug(z), where the function up : X — R is given in the form ug(z) := G(z,yy, 2p), for

11t is worth mentioning that in some literature, the monopolist’s objective is to design a product line ¥ (i-e. a subset
of ¢/(Y)) and a price menu p : Y — R that jointly maximize overall monopolist profit. Then, given Y and P, an agent of
type = chooses the product y(z) that solves

max G(z,y, 5(y)) := u(x).
yey

Allowing the price to take value Z (which may be +00), and assuming Assumption m below, the effect of designing a product
line Y and price menu §: ¥ — R is equivalent to that of designing a price menu p : c(Y) — (—o0, +00], which equals p
on Y and maps cl(Y)\ Y to %, such that no agents choose to purchase any product from cl(Y)\ Y, which is less attractive
than the outside option yp according to Assumption ﬂ In this paper, we use the latter as the monopolist’s objective.

For any given price menu p : cl(Y) — (—o00,+0o0], one can construct a mapping y : X — cl(Y) such that each y(x)
solves the maximization problem in (@j) But such mapping is not unique, for some fixed price menu, without the
single-crossing type assumptions. Therefore, we adopt in (| ) the total profit as a functional of both price menu p and
its corresponding mapping y.
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some (yp, zg) € cl(Y x Z), where yy represents the outside option, whose price equals to some fixed value

zp € R beyond the monopolist’s control.

For monopolist profit, some literature assumes 7(z,yp, zg) > 0 for all z € X to ensure that the
outside option is harmless to the monopolist. Here, it is not necessary to adopt such an assumption for

the sake of generality.

The monopolist’s problem can be described as follows:

supIl(p,y) = [y 7(z, y(x), p(y(x))) du(x)

s.t. (y,p(y)) is incentive compatible;
(P) (3.2.3)
s.t. G(z,y(z),p(y(x))) > ug(z) for all z € X;

s.t. p is lower semicontinuous.

We assume that p is lower semicontinuous, without which the maximum in () may not be

attained.

The following assumptions are made. We use CY(X) to denote the space of all continuous functions on
X, and use C'(X) to denote the space of all differentiable functions on X whose derivative is continuous.

Note that, even in the 1 dimensional case, we assume no single-crossing type condition.

Assumption 1. Agents’ utility G € Cl(cl(X x Y x Z)), where the space of agents X is a bounded
open convex subset in RM with C' boundary, the space of products Y C RN, and range of prices
Z = (2,Z) with —00 < z < Z < +oo. Assume G(x,y,z) := lim,_,; G(z,y,2) < G(x,yg, zp), for all

(z,y) € X x cl(Y); and assume this inequality is strict when zZ = +00.

Here we do not necessarily assume X, Y, and Z are compact spaces; in particular, Y and Z are
potentially unbounded (i.e. we do not set a priori bounds for product attributes or an a priori upper
bound for price). However, we do specify a lower bound for the price range, since the monopolist has no

incentive to set price close to negative infinity.

Assumption 2. G(x,y,z) is strictly decreasing in z for each (x,y) € cl(X x Y).

This assumption says that the higher the price paid to the monopolist, the lower the utility that will
be left for the agent, for any given product.

Assumption 3. G is coordinate-monotone in x. That is, for each (y,z) € c(Y x Z), and for all
(a,B) € X2, if a; > B; for alli =1,2,..., M, then G(a,y,2) > G(B,y,2).

In Assumption E, we assume that agent utility increases along each consumer attribute coordinate.

In the following, we use D,G(x,y,2) := (2&, & e

8:1:1’8:1}2"."6261\4

to z. For any vector in RM or RY, we use || - || and || - || to denote its Euclidean 2-norm and a-norm

(a > 1), respectively. For example, for z € R, we have ||z|| = \/Zﬁl z? and ||z||o = (Ef\il |24 *) .
We use H defined in Section @ as the inverse of G with respect to the third variable, i.e., for each
(v,y) € X x c(Y), H(z,y,-) = G~ Y(x,y,-). Here, H(z,y,u) represents the price paid by agent z for

)(z,y, z) to denote derivative with respect

product y when receiving value u.
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In Rochet-Choné’s model, H(z,y,u) = z -y — u and 7(z,y, z) = z — C(y), for some superlinear cost
function C. In this case, n(z,y, H(z,y,u)) = -y — u — C(y). Since C is superlinear and the space X
is bounded, it is reasonable to assume the following:

Assumption 4. «w(x,y, H(x,y,u)) is (super-)linearly decreasing iny. That is, there exist > 1, a1, as >
0 and b € R, such that w(z,y, H(z,y,u)) < —a1||y||2 — agu + b for all (z,y,u) € {(z,y,G(z,y,2))|x €
X,y €Y,z € R}; or equivalently, m(x,y, z) +a2G(z,y,z) < —aq1||y||S+b for all (z,y,z) € X xcl(Y) xR.

As shown in the alternative formulation, Assumption H requires the existence of some weighted
surplus which is superlinearly decreasing with respect to the product. In the case where Y is bounded,

Assumption H is equivalent to the existence of some weighted surplus bounded from above.

Assumptions E - B are some technical assumptions on D, G, which are automatically satisfied for X,
Y, Z being compact.

Assumption 5. D,G(z,y,z) is Lipschitz with respect to x, uniformly in (y,z), meaning there exists
k € R such that ||D,G(z,y,2) — D.G(2',y,2)|| < k||lxz — 2'|| for all (x,2',y,2) € X? x cl(Y) x cl(Z).

Assumption 6. ||D,.G(x,y,z2)||1 increases sub-linearly with respect to y. More precisely, there exist
B €(0,a],¢>0, and d € R, such that || D,G(z,y, 2)|1 < c||y||§ +d forall (z,y,2z) € X xc(Y) x cl(Z).

Assumption 7. Coercivity of 1-norm of (D,G). For all s > 0, there exists r > 0, such that

M
> _ID2Glx,y,2)| 2 s

i=1
for all (z,y,2) € X x cl(Y) x cl(Z), whenever ||y|| > r.

Allowing Assumption E, the derivatives D,,G are always nonnegative; therefore, we no longer need
to take absolute values of D,,G in the inequality of Assumption H And then Assumption H says that
the marginal utility of agents who select the same product y will increase to infinity as ||y|| approaches
infinity, uniformly for all agents and prices. For instance, when M = N, utility G(z,y, z) = Zf\il iyl —
f(z) satisfies Assumption H, because Ef\il |D.,G(x,y,2)| = Zi\il D,.G(z,y,z) = Zf\il y? — +00 as
lly]| = +oo. In addition, this G also satisfies all the other assumptions.

In general, if Y is bounded, any G in the form of G(z,y, z) = b(x,y) — f(y, 2), with b € C1(cl(X xY))
and f € C%cl(Y x Z)), satisfies Assumption E - H

Assumptions E states constraints on the continuity of principal’s profit function 7, integrability of
participation constraint ug, and absolute continuity of the measure p with respect to the Lebesgue

measure.

Assumption 8. The profit function w is continuous on cl(X XY x Z). The participation constraint ug

is integrable with respect to du, where the measure du is equivalent to the Lebesgue measure restricted
on X.

For a > 1, denote L*(X) as the space of functions for which the a-th power of the absolute value is
Lebesgue integrable with respect to the measure du. That is, a function f : X — R is in L¥(X) if and
only if [ |f|*du < +oo. For instance, Assumption E implies uyp € L' (X).
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3.3 Reformulation of the monopolist’s problem

The purpose of this section is to fix terminology and prepare the preliminaries for the main results in

the next section. We also rewrite the monopolist’s problem in Proposition , which is an equivalent

form of ()

We introduce implementability here, which is closely related to incentive-compatibility and can also
be exhibited by G-convexity and G-subdifferential.

Definition 3.3.1 (implementability). A function y : X — ¢l(Y) is called implementable if and only if

there exists a function 2z : X — R such that the pair (y, ) is incentive compatible.

Remark 3.3.2. Allowing Assumption E, a function y is implementable if and only if there exists a price
menu p : c/(Y) — R such that the pair (y,p(y)) is incentive compatible.

Proof. One direction is easier: given p and y, define z(-) := p(y(+)). Then the conclusion follows directly.

Given an incentive-compatible pair (y,2) : X — ¢l(Y) x R, we need to construct a price menu
p:cdY) = R. If y = y(zx) for some & € X, define p(y) := z(z); for any other y € cl(Y), define
ply) = z.

We first show p is well-defined. Suppose y(z) = y(z’) with 2 # 2/, from incentive compatibility of
(p,y), we have G(x,y(z), z(x)) > G(z,y(a'), z(z')) = G(x,y(x), z(«’)). Since G is strictly decreasing on
its third variable, the above inequality implies z(z) < z(z'). Similarly, one has z(x) > z(z’). Therefore,
z(x) = z(2') and thus p is well-defined.

The incentive compatibility of (y,p(y)) follows from that of (y, z) and definition of p. O

As a corollary of Proposition , implementable functions can be characterized as G-subdifferential

of G-convex functions.

Corollary 3.3.3. Given Assumption @, a function y : X — cl(Y) is implementable if and only if there
exists a G-conver function u(-) such that y(x) € 0%u(x) for each v € X.

Proof. One direction is immediately derived from the definition of implementability and Proposition
.2.4,

Suppose there exists some convex function u such that y(x) € d%u(x) for each x € X. Define 2(-) :=
H(-,y(-),u(:)), then u(z) = G(z, y(z), 2(z)). Proposition implies (y, z) is incentive compatible, and
thus y is implementable. O

When parameterization of preferences is linear in agent types and price, Corollary says that
a function is implementable if and only if it is monotone increasing. In general quasilinear cases, this

coincides with Proposition 1 of Carlier [5].

From the original monopolist’s problem (), we replace product-price pair (p,y) by the value-
product pair (u,y), using u(-) = G(-,y(-), p(y(-))). Combining this with Proposition 7 the incentive-
compatibility constraint (y,p(y)) is equivalent to G-convexity of u(-) and y(z) € %u(z) for all z € X.

Therefore, one can rewrite the monopolist’s problem as follows.

Proposition 3.3.4. Given Assumptions H and @, the monopolist’s problem (Py) is equivalent to
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sup Il(u,y) := [y w(a,y(@), H(z,y(z), u(z)))dp(z)
(P2) q s.t. u is G-conver ; (3.3.1)

s.t. y(z) € 0%u(z) and u(z) > ug(z) for all x € X.

Proof. We need to prove both directions for equivalence of (P;) and (P).

1. For any incentive-compatible pair (y,p(y)), define u(-) :== G(-,y(-),p(y(-))). Then by Proposition
, we have u(-) is G-convex and y(z) € d%u(x) for all x € X. From the participation constraint,
G(z,y(x),p(y(x))) > up(x) for all x € X. This implies u(z) > ug(x) for all z € X. Besides, two
integrands are equal: 7(x,y(x),p(y(x))) = w(x,y(x), H(z, y(x),u(x))). Therefore, (P1) < (P2).

2. On the other hand, assume u(-) is G-convex, y(z) € 0%u(x) and u(z) > ug(z) for all z € X.
From Corollary ﬂ and Remark , we know y is implementable and there exists a price menu
p: c(Y) — R, such that the pair (y,p(y)) is incentive compatible, where p(y) = H(z,y(z),u(z)) for
y =y(z) € y(X) = {ylz) € c(Y)|z € X}; p(y) = Z for other y € cl(Y). Firstly, the mapping p is
well-defined, using the same argument as that in Remark . Secondly, the participation constraint
holds since G(z, y(z), p(y(z))) = u(z) > up(zx) for all z € X.

Thirdly, let us show this price menu p is lower semicontinuous. Let p be the restriction of p to
y(X). Suppose that {yx} C y(X) converges yo € y(X) with yr = y(zx) and yo = y(xo), satisfying
klggoﬁ(yk) = hyrgg;fﬁ(y) Let 2z := p(yx) and zoo = klinéo 2. To prove lower semicontinuity of p, we
need to show (yo) < 20. Since yx € %u(zy), we have u(z) > G(x, yr, H(wk, Y, u(rr))) = G(x, Y, 21)-
Taking k — oo, we have u(xz) > G(z,yo, 200). This implies G(zo, yo, p(y0)) = u(xo) > G(x0, Yo, 200)- By
Assumption E, we know p(yo) < zoo. Thus p is lower semicontinuous. Since p is an extension of p from
y(X) to cl(Y) as its lower semicontinuous hull, satisfying v(y) = z for all y € cl(Y") \ y(X), we know p
is also lower semicontinuous.

Lastly, two integrands are equal: 7(z,y(x), p(y(z))) = n(x, y(x), H(z,y(x),u(x))). Therefore, (Py) >
(P2). O

In the next section, we will show the existence result of the rewritten monopolist’s problem (P») given

in () For the preparation of the main result, we introduce the following lemma and propositions.

Proposition m shows that the inverse function of G is also continuous, because G is continuous

and monotonic on the price variable.

Proposition 3.3.5. Given Assumptionlj and Assumption @, the function H is continuous.

Proof. (Proof by contradiction). Suppose H is not continuous, then there exists a sequence (2, yn, 2r) C
c(X xY x Z) converging to (x,y,2) and € > 0 such that |H (2, Yn, 2n) — H(x,y,2)| > ¢ for all n € N.
Without loss of generality, we assume H(z,yn,2n) — H(z,y,2) > ¢ for all n € N. Therefore, we
have H(xzy,yn, 2n) > H(z,y,2) + . By Assumption E, this implies z, < G(zn,Yn, H(z,y,2) + €) for
all n € N. Taking limit n — oo at both sides, since G is continuous from Assumption [l; we have
z < G(z,y,H(z,y,z) +¢). This implies H(x,y,z) > H(z,y, z) + ¢, a contradiction. O

Given coordinate monotonicity of G in the first variable, one can show that all the G-convex functi-
ons are nondecreasing. Therefore, the value functions are also monotonic with respect to the agents’

attributes.
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Proposition 3.3.6. Given Assumption B, G-convex functions are nondecreasing in coordinates.

Proof of Proposition . Let w be any G-convex function, and let o, 8 be any two agent types in
X with @ > . By G-convexity of w, for this 3, there exist y € cl(Y) and z € cl(Z), such that
u(B) = G(B,y,z) and u(z) > G(z,y,z), for any © € X. Since o > S, by Assumption 57 we have
G(ayy,2z) > G(B,y,z). Combining with u(a) > G(a,y,2) and u(8) = G(B,y, z), one has u(a) > u(f).
Thus, v is nondecreasing. O

Proposition presents that uniform boundedness of the agents’ value functions on some compact

subset implies uniform boundedness of the corresponding agents’ choices of their favorite products.

Proposition 3.3.7. Given Assumptions B, @, B, B, and let u(-) be a G-convex function on X, w be a

compact subset of X, § > 0, R > 0, satisfying w + §B(0,1) C X and |u(x)| < R for all z € w+ 6B(0,1)

(here, B(0,1) denotes the closed unit ball of RM ). Then, there exists T = T(w,6, R) > 0, such that
lly|| < T for any x € w and any y € O%u(x).

Proof. (Proof by contradiction).

4RV M
B

By Assumption E and Assumption H, for s = , there exists r > 0, such that for any (z,y,2) €

M
i
X x c(Y) x cl(Z), whenever ||y|| > r, we have ;_:1 D,,G(z,y,z) > B

Assume the boundedness conclusion of this proposition is not true. Then for this r, there exist zy € w
and yo € 9%u(x), such that ||yo|| > r. Thus,

M
4RV M
ZDIiG(x,yo,z) > 5 forall z € X,z € R. (3.3.2)

i=1

Since yo € 9%u(xg), by definition of G-subdifferential, we have u(x) > G(x,yo, H(xo,%0,u(z0))), for
any © € X. Take x = z¢ + dx_1, where x_; := (ﬁ, ﬁ, e ,ﬁ) is a unit vector in R™ with each

i 1
coordinate equal to TR Then

u(xo + 0x_1) > G(xo + 6x_1,y0, H(z0, Y0, u(x0)))- (3.3.3)

For any = € w + 6B(0, 1), from conditions in the proposition, we have ||[u(z)|| < R. Therefore,

2R > |u(wg + dz_1)| + |u(xo)]

> |u(xo + dx—1) — u(zo)] (By the triangle inequality)

> u(xg + dz_1) — u(zo)

> G(xo + 0x_1, Y0, H(x0, Yo, u(x0))) (By inequality ()) and (by definition
= G(x0,y0, H(xo, Y0, u(20))) of H, u(zo) = G(zo, Yo, H(x0, Yo, u(z0)))

1
= / §(x_1, Dy;G(x0 + tdx_1,90, H(x0, Yo, u(x0))))dt  (By the fundamental theorem of Calculus)
0
5§ T
= — D,,G(xo + téx_1,y0, H(x0, yo, u(z0)))dt
77 ) DGt e M)

4RV M
R 5 dt (By inequality ())

= 7,
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_ 0 4RVM
vM 0
R,

>~

a contradiction. Thus, our assumption is wrong. Therefore, there exists T' > 0, such that for any x € w,
y € 0%u(x), one has ||y|| < T. In addition, here T' = T'(w, 6, R) is independent of u. In fact, from the
above argument, we can see that 7" < r, which does not depend on u. O

The above two propositions will also be employed in the proof of Proposition .

3.4 Main result

In this section, we state the existence theorem, the proof of which is provided at the end of this section.

Theorem 3.4.1 (Existence). Under Assumptions B - B, the monopolist’s problem (Py) admits at least

one solution.

Technically, in order to demonstrate existence, we start from a sequence of value-product pairs, whose
total profits have a limit that is equal to the supremum of (P,). Then we need to show that this sequence
converges, up to a subsequence, to a pair of limit mappings. Then we show this limit value-product pair
satisfies the constraints of (P,), and its corresponding total payoff is no worse than those of any other

admissible pairs.
In the following, the notation w CC X represents the closure of w is also included in X.

Lemma provides convergence results of a sequence of convex functions, which are uniformly
bounded in Sobolev spaces on open convex subsets. We state this classical result without proof, which

can be found in Carlier [§].

Lemma 3.4.2. Let {u,} be a sequence of convex functions on X such that, for every open convex set
w CC X, the following holds:

sup |[|un|Jw11 () < +oo.
n

Then there exists a function u* which is convex in X, a measurable subset A of X and a subsequence
again labeled {u,} such that

1. {u,} converges to u* uniformly on compact subsets of X ;

2. {Vu,} converges to Vu* pointwise in A and dimg(X \ A) < M — 1, where dimg(X \ A) is the
Hausdorff dimension of X \ A.

We extend the above convergence result to G-convex functions in the following proposition, which
is required in the proof of the Existence Theorem, as it extracts a limit function from a converging

sequence of value functions.

Proposition 3.4.3. Assume Assumptions B, B, B, B, H, and let {un} be a sequence of G-convex functions
in X such that for every open conver set w CC X, the following holds:

sup |[|un|lw11 () < +oo.
n
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Then there exists a function u* which is G-convex in X, a measurable subset A of X, and a subsequence
again labeled {u,} such that

1. {un} converges to u* uniformly on compact subsets of X ;

2. {Vu,} converges to Vu* pointwise in A and dimpy(X \ A) <M — 1.

Proof. In this proof, we will show that the sequence of G-convex functions is convergent by applying
results from Lemma , then prove that the limit function is also G-convex. Assume {u, } is a sequence

of G-convex functions in X such that for every open convex set w CC X, the following holds:
sup |[un||w1a(w) < +o0.
n

Step 1: By Assumption a, there exists k > 0, such that for any (z,2') € X2,y € cl(Y) and z € cl(Z),
one has ||D,G(z,y,z) — D,G(2',y,2)|| < k||z — 2’||. Denote Gx(z,y,2) = G(z,y,2) + A||z||?, where

A > LLip(D,G), with Lip(D,G) = sup 1Pe o) =Dy S’ w2,
{(z,2",y,2) EXx X xcl(Y)Xcl(Z): v#z'}

Then, for any (z,2') € X2, by Cauchy-Schwarz inequality, one has

<D;vG)\(xa Y, Z) - Da:G/\(:E/a Y, Z)a T — xl>

= (D,G(z,y,2) — D,G(z',y,2),r — 2') + 2\||z — 2’| |? (By definition of G (z,y,2))

> —||D.G(2,y, 2) — DGy, 2)||||x — || + 2)\||x — 2| ? (By Cauchy—Schwarz inequality)
> 2\ — Lip(D,G)]||lz — 2|2 (By definition of Lip(D,G))

> 0.

Thus, GA(+,y, z) is a convex function on X, for any fixed (y, z) € cl(Y) x cl(Z).

Step 2: Since u,, is G-convex, by Lemma , we know

un(z) = vex A Gz, y, H(@', y,upn(2'))).

Define v, (z) := u,(z) + M|z||?>. Then

on () = G(z,y, H(a',y, un(a"))) + Allz]”

= max
LC/EX»ZIEBGUn (z')

= G ) 7H /7 y Un ! A 2
(Gl ) + Al

= max G(z,y, H(z',y, un(z))).
2 €X Y€ un (2 )\( ' Ys ( ' Ys n( )))
Since Gx(-,y, H(z',y,un(z'))) is convex for each (2’,y), we have v,(z), as supremum of convex

functions, is also convex, for all n € N.

Step 3: Since vy, 1= u, + Al[z|[? and sup |[u,| w11y < +00, one has sup ||vy ||w1.1(0) < +00, for any
w CC X. Hence {v,} satisfies all the assrlllmptions of Lemma . So, br; conclusion of Lemma ,
there exists a convex function v* in X and a measurable set A C X, such that dim(X \ A) < M —1 and
up to a subsequence, {v,} converges to v* uniformly on compact subset of X and (Vv,) converges to
Vo* pointwise in A.

Let u*(z) := v*(z) — Al|z||?, then (u,) converges to u* uniformly on compact subset of X and (Vu,,)
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converges to Vu* pointwise in A.
Step 4: Finally, let us prove that v* is G-convex.
Define I'(x) := NM;>1Up>i0%u, (), for all z € X.

Step 4.1. Claim: For any 2’ € X, we have I'(z) # 0.

Proof of this Claim:

Step 4.1.1. Let us first show for any w CC X, sup ||ty || @) < +o0.

If not, then there exits a sequence {z,}52; C @, ;Luch that limsup |uy, (2,)| = +o0.

Since @ is compact, there exists £ € @, such that, up to a sﬁbsequence, Tn — T. Again up to a
subsequence, we may assume that u, (z,) — +oc.

Since T € w CC X, there exists § > 0, such that Z + dz_; € X, where x_1 := (

is a unit vector in RM™ with each coordinate equal to —t. For any x > & + dz_1, there exists ng, such

VM) VM VM
that for any n > ng, we have z > x,. By Proposition @, uy, are nondecreasing, and thus

/ Un(x)de > m{z € X,z > T+ dx_1 Jun(x,) = +00, (34.1)
{z€X z>T+0z_1}
where m{z € X,z > T 4 0x_1} denotes Lebesgue measure of {z € X,z > T + dz_1}, which is positive.
Therefore, we have |[uy||w1.1(w) > ||tnl|L1 ) > | Un(2)dz — 4-00. This implies sup ||un ||wi1 () =
n
~+00.
On the other hand, denote w’ := {x € X| 2 > Z + dx_1}, then ' = X N{x € RM| 2 > 7 + dx_1}.
Since both X and {z € RM| 2 > Z + dz_;} are open and convex, we have ' is also open and convex.

Therefore, by assumption, we have sup ||uy, |[yw1.1(.) < +00.
n
This is a contradiction, and thus for any w CC X, we have sup |[un ||z @) < +oo.
n

Step 4.1.2. For any fixed 2’ € X, there exists an open set w CC X and § > 0, such that 2’ € w and

w+dB(0,1) cC X.

From Step 4.1.1, we know SUPHunHLw(me) < +o00. So there exists R > 0, such that for

all n € N, we have |u,(z)] < R, for all z € w4+ dB(0,1). Since u, are G-convex functions, by
Proposition , there exists T = T(w,d, R) > 0, independent of n, such that |ly|| < T, for any
y € 0%, (2') and any n € N. Thus, there exists a sequence {y,}, such that y, € 9%u,(z’) and
llyn|| < T, for all n € N.

By compactness theorem for sequence {y, }, there exists 3/, such that, up to a subsequence, y, — v’
Thus, we have y € Up>;0%u,(z'), for all i € N. It implies 3’ € Ni>1Up>i0%u, (z') = T'(2').

Therefore I'(x') # 0, for all ' € X.

Step 4.2. Now for any fixed z € X, and any y € I'(x), by Cantor’s diagonal argument, there
exists {yn, }22,, such that y,, € 0%u,, (z) and klin;o Yn, = y. For any k € N, by definition of G-
subdifferentiability, wn, (x') > G(2',Yn,, H(x, Yn, , Un, (z))), for any =’ € X. Take limit &k — oo at
both sides, we get u*(2') > G(2/,y, H(z,y,u*(x))), for any 2’ € X. Here we use the fact that both
functions G and H are continuous by Assumption m and Proposition . Then by definition of G-
subdifferentiability, the above inequality implies y € 9%u* ().

So 0%u* () # ), for any 2 € X, which means u* is G-subdifferentiable everywhere. By Lemma ,

u* is G-convex. O
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Lastly, we show the proof of the main theorem.

Proof of the Eristence Theorem. Step 1: Define ®,, : x —— argmingc () {—7(z,-, H(z,-,u(z)))}, then
by Proposition , for any compact set w C X, one has Umw@Gu(a:) is nonempty and compact, @, (x)
is nonempty and compact for all x € w, and Uze,{(z,y)ly € ®,(z)} is a Borel set. By the measurable
selection theorem (cf. [8, Theorem 1.2, Chapter VIII]), there exists a measurable mapping y : w — Y
such that for almost all z, y(z) € ®,(x). Let {w,}52; denote a sequence of compact sets such that
wp Cwy C ... Cwy C ... CX with Upw, = X. On each w,, there exists a measurable selection map
y" :w, — Y. Define j : X — Y, such that ¥ = ! on w; and § = y" on w, \ w,_1 for n > 2. Then ¥ is
a measurable selection of @, i.e., § is measurable and g(z) € ®,(z) for almost every x.

Let {(un, yn)} be a maximizing sequence of (Py), where maps u,, : X — Rand y,, : X — cl(Y), for all
n € N. Without loss of generality, we may assume that for all n, ¥, (-) is measurable and y, (z) € @, (z),
for each x € X. Starting from {(u,,yn)}, we would find an value-product pair (u*,y*) satisfying all the

constraints in (B.3.1)), and show that it is actually a maximizer.

Step 2: From Assumption H, there exist « > 1, a1, a2 > 0 and b € R, such that for each x € X and
n €N,

ar|lyn(2)[lq < =72, yn (@), H(2, yn (@), un(z))) — agun(z) + b
< = (@, yn (@), H (2, yn (), un(2))) — agup(z) + b,

where the second inequality comes from wu, > ug. Together with Assumption E, this implies {y,} is
bounded in L*(X).

By participation constraint and Assumption H, we know
1

(@) < un(@) = G(@, ya(z), H(@, yn(2), un(2))) <

(b= (@, yn (), H (e, g (2), wn (2)))).

Together with Assumption E, we know {u,} is bounded in L!(X).

By G-subdifferentiability, Du,(x) = D, G(x, yn(x), H(x, yn(z), un(z))). By Assumption a, we have
[|Dun i < c||yn||g +d < (N +||yn||%) + d. The last inequality holds because 8 € (0,a]. Because X is
bounded and {y,} is bounded in L*(X), we know {Du,} is bounded in L*(X).

Since both {u,} and {Du,} are bounded in L!'(X), one has {u,} is bounded in WhH(X). By
Proposition , there exists a G-convex function u* on X, such that, up to a subsequence, {u,}
converges to u* in L' and uniformly on compact subset of X, and Vu, converges to Vu* almost

everywhere.

Step 3: Denote y*(x) as a measurable selection of ®,+. Let us show (u*,y*) is a maximizer of the

principal’s program (P).
Step 3.1: By Assumption H, for all z, y,(x) and u,(z), one has
- ﬂ-(l‘a yn('r)a H(Z‘, yn($)a U’TL(Z‘)))

GQG(JC’ yn(x)’ H(QT, yn(x)a un(x))) -b

= agun () — b

v

> agug(z) — b.
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By Assumption E, ug is measurable, thus one can apply Fatou’s Lemma and get
sup I(u, y) = limsup I (ty, )
n
— ~timinf [ ey (o), Hlo,yo @), 00 (2)) du(o) (3.42)
n X

<- /X lim inf (). H (2, (2) s (1)) da(z).

Let y(x) := liminf —7(z, yn(x), H(x, yn(2), un(x))). For each z € X, by extracting a subsequence of
n
{yn}, which is denoted as {y,_}, we assume v(z) = lim —7(z, yn, (z), H(z, Yn, (), un, (z))).

Step 3.2: For any fixed z € X, since u,,, are G-convex functions and {u,,, } is bounded in L!(X),
by Proposition , it is also bounded in L{S (X). Then by Proposition , {yn, } is also bounded
in L$2 (X) . Thus there exists a subsequence of {y,, (x)}, again denoted as {y,,(z)}, that converges.
Denote g a mapping on X such that y,_ (x) = g(x).

Since m and H are continuous, we have vy(x) = —n(z, y(x), H(z, g(x), u* (x))).

For each fixed z € X, since u,,, are G-convex and y,,, (r) € %u,, (), for any 2’ € X, we have

tn, (') 2 G(2',yn, (), H(@, yn, (2), tn, (1))).
Take limit n, — +oo at both sides, we get u*(2') > G(2/, §(z), H(z, §(z),u*(x))), for any 2’ € X. By
definition of G-subdifferentiability, we have §(z) € 9%u*(z).

Step 3.3: By definition of y*, one has
—m(z,y" (z), H(z,y"(2),u" (1)) < —7(z,§(z), H(z,§(z),u" (z))) = 7(z).

So, together with (), we know

supTi(u.y) < = [ A(@)duta) < = [ ~rle.y" @), Hloy* @) @)dula) = 7). (343)

Since {u,} converges to u*, and u,(z) > ug(zx) for all n € N and =z € X, we have u*(x) > ug(x)
for all z € X. In addition, because u* is G-convex and y*(z) € 9%u*(x), we know (u*,y*) satisfies
all the constraints in () Together with (), we proved (u*,y*) is a solution of the principal’s
program. O



Chapter 4

Existence: bounded product spaces

4.1 Introduction

In this chapter, we will first state the hypotheses that will be needed for this and most of the following
chapters. The purpose of Section @ is to fix terminology for the main results of the following chapters.

In Section @, we will reformulate the principal’s program in the language of G-convexity and G-

subdifferentiability, state and prove the existence theorem, where the product space is bounded.

4.2 Hypotheses
For notational convenience, we adopt the following technical hypotheses, inspired by those of Trudin-
ger [44] and Figalli-Kim-McCann [[11].

The following hypotheses will be relevant: (G1)-(G3) represent partial analogs of the twist, dom-
ain convexity, and non-negative cross-curvature hypotheses from the quasilinear setting [11] [20]; (G4)
encodes a form of the desirability of money to each agent, while (G5) quantifies the assertion that the

maximum price Z is high enough that no agent prefers paying it for any product y to the outside option.
(G0) G € CH(c(X x Y x Z)), where X C R™,Y C R" are open and bounded and Z = (z,%) with
—o0 <z <ZzZ< 400

(G1) For each € X, the map (y,2) € (Y x Z) — (G4, G)(x,y,2) is a homeomorphism onto its

range;
(G2) its range (cl(Y x Z)), := (Gz, G)(z,cl(Y x Z)) € R™*! is convex.

For each zo € X and (yo, 20), (y1,21) € (Y x Z), define (y, 2¢) € cl(Y x Z) such that the following

equation holds:

(Gz, G) (w0, Yt, 2) = (1 — ) (G, G) (%0, Yo, 20) + Gz, G) (w0, Y1, 21),

(4.2.1)
for each t € [0,1].

23
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By (G1) and (G2), (¢, 2) is uniquely determined by () We call t € [0,1] — (z0,Ys, ) the

G-segment connecting (zg, Yo, z0) and (zg, y1, 21).

(G3) For each z,z9 € X, assume t € [0,1] — G(z, yt, 2¢) is convex along all G-segments (E=Z).
(G4) For each (z,y,2) € X x c(Y) x cl(Z), assume G,(z,y,z) < 0.
(G5) me Ccl(X x Y x Z)) and ug(x) := G(z,yp, 29) for some fixed (yy,29) € cl(Y x Z) satisfying
G(z,y,2) = ZliglgG(x,y,z) < G(x,yg, 2zp) for all (z,y) € X x cl(Y).
When zZ = +00 assume this inequality is strict, and moreover that z sufficiently large implies

G(z,y,2) < G(z,yp, zp) for all (z,y) € X x (V).

For each u € R, (G4) allows us to define H(z,y,u) := z if G(x,y, 2) = u, i.e. H(x,y,") = G (z,y,).

4.3 Reformulation of the principal’s program, existence theo-

rem

In this section, we reformulate the principal’s program using u as a proxy for the prices v controlled
by the principal, thus generalizing Carlier’s approach [5] to the non-quasilinear setting. Moreover, the

agent’s indirect utility v and product selling price v are G-dual to each other in the sense of [44].

We now show each G-convex function defined in Definition can be achieved by some price menu
v, and conversely each price menu yields a G-convex indirect utility [44]. We require either (G5) or
(), which asserts all agents are repelled by the maximum price and insensitive to which contract

they receive at that price.

Proposition 4.3.1 (Duality between prices and indirect utilities). Assume (GO) and (G4). (a) If

G(z,y,z) = li_>mG(x7y,z) = f G(z,9,2),

in (
(5:2)€cl(Y x 2) (4.3.1)
for all (z,y) € X x cl(Y),

then a function u € C°(X) is G-convex if and only if there exist a lower semicontinuous v : cl(Y) —
cl(Z) such that u(r) = max,cqy) G(z,y,v(y)). (b) If instead of () we assume (G5), then ug <
u € C°X) is G-convez if and only if there exists a lower semicontinuous function v : cl(Y) — cl(Z)

with v(yp) < zp such that u(r) = maxyeq vy G(z,y,v(y)).

Proof. 1. Suppose u is G-convex. Then for any agent type x¢ € X, there exists a product and price
(Yo, 20) € cl(Y x Z), such that u(zg) = G(xo, yo, 20) and u(z) > G(x,yo, 20), for all x € X.

Let A := Uyex0%u(z) denote the corresponding set of products. For yy € A, define v(yg) = 2o,
where zp € cl(Z) and zy € X satisfy u(zg) = G(xo,¥o0,20) and u(x) > G(x,yo, 20) for all z € X. We
shall shortly show this makes v : A — ¢l(Z) (i) well-defined and (ii) lower semicontinuous. Taking (i)
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for granted, our construction yields

u(z) =maxG(z,y,v(y))  VeeX. (4.3.2)

y
(i) Now for yo € A, suppose there exist (zg,z20),(r1,21) € X X cl(Z) with z9 # z, such that
u(x;) = G(x4, Yo, z) and u(x) > G(x,yo, 2;) for all x € X and ¢ = 0, 1. Without loss of generality, assume
20 < z1. By (G4), we know u(z1) = G(z1,y0,21) < G(x1, 0, 20), contradicting u(z) > G(z,yo, 20), for

all x € X. Having shown v : A — ¢l(Z) is well-defined, we now show it is lower semicontinuous.

(ii) Suppose {yr} C A converges to yp € A and zo, = klim v(yg) = liminfv(y). We need to show
—00 Y=o
v(yo) < 2zoo. Letting zj := v(yi) for each k, there exists z; € X such that

u(z) > G(z, yk, 2k) Vee X and k=0,1,2,..., (4.3.3)
with equality holding at « = xj. In case (b) we deduce zo, < 0o from
G(@h, Y 20) = u(@r) = Gk, yo, 20)
and (G5). Taking & — oo, (GO) (or () in case (a) when z,, = 400) implies
u(z) > G(x, Yo, 2Zoo) Vo € X. (4.3.4)

Applying (G4) to G(xo, Yo, 20) = u(xo) > G(Z0, Yo, 200) yields the desired semicontinuity: zg < zo.

(iii) We extend v from A to cl(Y") by taking its lower semicontinuous hull; this does not change the
values of v on A, but satisfies v(yo) := Z on yo ¢ cl(A). We now show this choice of price menu v yields
() Recall for each = € X, there exists (yo, 20) € cl(Y x Z) such that

u(z) = G(z,90,20) = (up(x) := G(2,49,29) =)  sup  G(z,y,0(y)),

yecl(Y)\cl(A)
in view of () (or (G5)), and the fact that v(y) = z for each y outside c¢l(A). Thus to establish
(), we need only show that (}£.3.9) remains true when the domain of the maximum is enlarged from
A to cl(A). Since we have chosen the largest lower semicontinuous extension of v outside of A, each
yo € cl(A) \ A is approximated by a sequence {yx} C A for which zj := v(y) converges to zoo = v(¥0o).
As before, () holds and implies (), showing () indeed remains true when the domain of the
maximum is enlarged from A to c¢l(A), and establishing () Finally, if v(yg) > zp in case (b) then
(G4) yields u(x) > ug(r) > G(x,yp,v(yp)), and we may redefine v(yy) := zp without violating either
() or the lower semicontinuity of v.

2. Conversely, suppose there exist a lower semicontinuous function v : ¢l(Y) — ¢l(Z), such that
u(x) = maxycqy)G(z,y,v(y)). Then for any zo € X, there exists yo € cl(Y'), such that u(zo) =
G(z0,Y0,v(yo))- Let zg := v(yo), then u(xg) = G(x0, Yo, 20), and for all x € X, u(x) > G(x,yo, 20). By
definition, u is G-convex. If v(yy) < zp then u(-) > G(-,yp,v(yp)) > up(-) by () and (G4). O

Remark 4.3.2 (Optimal agent strategies). Assume (G0) and (G4). When z < oo, lower semicontinuity
of v:cl(Y) — cl(Z) is enough to ensure the maximum () is attained. However, when z = 400 we
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can reach the same conclusion either by assuming the limit () converges uniformly with respect to

y € c(Y), or else by assuming v(yg) < zg and (G5).

Proof. For any fixed z € X let u(x) = sup G(z,y,v(y)). We will show that the maximum is attained.
yecl(Y)
Since cl(Y) is compact, suppose {yx} C cl(Y) converges to yo € cl(Y), 200 := limsupv(yx) and u(z) =
k—o0

klim G(z,yr,v(yx)). By extracting subsequence of {y;} and relabelling, without loss of generality,
—00

assume lim v(yg) = Zoo-

k—o0

1. If zo < Z then lower semicontinuity of v yields v(yg) < zoo < +00. By (G4), one has
G(.Z‘, Yo, U(yO)) > G(.I‘, Yo, ZOO) = klingo G(Jf, Yk, U(yk))
' (4.3.5)

=u(x) = sup G(z,y,v(y)).
yecl(Y)

Therefore, the maximum is attained by yo.
2. If zoo = Z then lim v(yx) = Z = +o0.
k—o0

2.1. By assuming the limit (4.3.1]) converges uniformly with respect to y € ¢l(Y"), we have

(gj)elg(foZ) G(xayaz) = G(x7y07z) = k:ll)n;c G($>yk7v(yk))

=u(z) = sup G(z,y,0(y)).
yecl(Y)

In this case, the maximum is attained by yq.
2.2. By assuming (G5), for sufficient large k, we have G(x, yx, v(yx)) < G(z,yg, 2¢). Taking k — oo,
by v(yp) < zp and (G4), one has

sup G(z,y,v(y)) = u(z) = lim G(z,yk, v(yr))
yeel(Y) k—o0

G(xvyW Z@) < G(x,y@m(yg))).

IN

Thus, the maximum is attained by yy. O

From the definition of G-convexity, we know if u is a G-convex function, for any x € X where u
happens to be differentiable, denoted x € domDu, there exists y € cl(Y) and z € ¢l(Z) such that

u(z) = G(z,y,2), Du(z)=D,G(z,y,z). (4.3.6)

Conversely, when () holds, one can identify (y, z) € cl(Y x Z) in terms of u(z) and Du(zx), according
to Condition (G1). We denote it as

yg(a:,u(a:), Du(x)) = (yG’ zg)(a:,u(a:), Du(a:)),

and drop the subscript G when it is clear from the context. Under our hypotheses, yg is a continuous

function on the relevant domain of deﬁnition.EI It will often prove convenient to augment the types z

'Namely (idx, G, Gz)({(z,y,2) € (X XY x Z) | G(z,y,2) > G(x,yg, 2¢)})-
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and y with an extra real variable; here and later we use the notation z € R™*! and i € R"*! to signify

this augmentation. Besides, the set X \ domDu has Lebesgue measure zero, which will be shown in the

proof of Theorem .

The following proposition not only reformulates the principal’s problem but manifests the existence
of maximizer(s). Besides Chapter E which relaxes relative compactness of the domain, for other existence
results guaranteeing this supremum is attained in the non-quasilinear setting, see Noldeke-Samuelson

[B2] who require mere continuity of the direct utility G.

Theorem 4.3.3 (Reformulating the principal’s program using the agents’ indirect utilities). Assume
hypotheses (G0)-(G1) and (G4)-(G5), zZ < +o0 and pn < L™. Setting

fi(u,y) = [ wlaulo). He.y(o), ) duta).
the principal’s problem (Py) is equivalent to

(Py) max II(u, y)

among G-convex u(z) > up(x) with y(z) € 0%u(z) for all x € X.

This mazimum is attained. Moreover, u determines y(x) uniquely for a.e. x € X.

Proof. 1. Proposition encodes a bijective correspondence between lower semicontinuous price menus
v d(Y) — cl(Z) with v(yg) < 2z and G-convex indirect utilities u > ug; it also shows ([L.1.1) is
attained. Fix a G-convex u > wug and the corresponding price menu v. For each x € X let y(z)
denote the point achieving the maximum ([l.1.1]), so that u(z) = G(z, y(z), z(z)) with z(z) := v(y(x)) =
H(z,y(z),u(z)) and II(v,y) = II(u,y). From ([L.1.1) we see

G(y(),voy() =ul-) = G(y(a), H(z,y(x), u(x))), (4.3.7)

so that y(z) € 0%u(x). Apart from the measurability established below, Proposition m asserts
incentive compatibility of (y,v o y), while u > ug shows individual rationality, so (P3) < (P).

2. The reverse inequality begins with a lower semicontinuous price menu v : cl(Y) — ¢l(Z) with
v(yg) < zp and an incentive compatible, individually rational map (y,voy) on X. Proposition then
asserts G-convexity of u(-) := G(-,y(-),v(y(+))) and that y(x) € %u(z) for each z € X. Choosing - = =
in the corresponding inequality (4.3.7) produces equality, whence (G4) implies v(y(x)) = H(z, y(x), u(z))
and TI(v,y) = I(u, y). Since u > ugy follows from individual rationality, we have established equivalence

of (Ps) to (Pp). Let us now argue the supremum (P3) is attained.

3. Let us first show 7 (z,y(z), H(z,y(x),u(zr))) is measurable on X for all G-convex u and y(x) €
0%u(x).

By (GO), we know G is Lipschitz, i.e., there exists L > 0, such that |G(z1,v1,21) — G(22,Y2, 22)| <
Li|(x1 — z2,y1 — Y2, 21 — 22)||, for all (x1,y1,21), (z2,y2,22) € (X XY x Z). Since u is G-convex, for
any x1,2r2 € X, there exist (y1,21), (y2,22) € (Y x Z), such that u(z;) = G(zi, 4, 2i), for i = 1,2.
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Therefore,

u(zy) —u(r2) > G(x1,Y2, 22) — G(w2, Y2, 22) > —L[|z1 — 225
<G

u(z1) — u(w2)

(1,91, 21) — G(x2,91,21) < Ll|xy — 22|

That is to say, w is also Lipschitz with Lipschitz constant L. By Rademacher’s theorem and u < £™, we

— ,m _ : . . Ou(x u(x+he;)—u(x)
have p(X \ domDu) = L7™(X \ domDu) = 0. Moreover, since u is continuous, ai ) R

= lim
h—0
is measurable on domDu, for j = 1,2, ...,m, where e; = (0,...0,1,0, ...,0) is the unit vector in R™ with

j-th coordinate nonzero. Thus, Du is also Borel on domDu.

Since y(z) € 9%u(x), for all + € domDu, we have

u(x) = G(.’E, y(x)7 H(l'v y(x), u(x)))v

(4.3.8)
Du(z) = Dy G(z,y(2), H(z,y(z), u(x))).

By (G1), there exists a continuous function y¢, such that
y(@) = yo (@, u(z), Du(x)).

Thus y(z) is Borel on domDw, which implies 7(x,y(z), H(z,y(x),u(x))) is measurable on X, given
7€ O%I(X xY x Z)) and p < L™. Here we use the fact that H is also continuous since G is

continuous and strictly decreasing with respect to its third variable.

4. To show the supremum is attained, let {uy }ren be a sequence of G-convex functions, ug(z) > ug(z)
and yi () € d%uy(x) for any € X and k € N, such that limy_, H(ug, yx) = supI(u,y), among all

feasible (u,y). Below we construct a feasible pair (teo, Yoo ) attaining the maximum.

4.1. Claim: There exists M > 0, such that |u(z)| < M, for any G-convex u and any x € X. Thus
{uk }ren is uniformly bounded.

Proof: Since u is G-convex, for any « € X, there exists (y, z) € cl(Y x Z), such that u(z) = G(z,y, 2).
Notice that G is bounded, since G is continuous on a compact set. Thus, there exists M > 0, such that
lu(z)| = |G(x,y,2)| < M is also bounded.

4.2. From part 1, we know {uy, }ren are uniformly Lipschitz with Lipschitz constant L, thus {ug }ren

are uniformly equicontinuous.

4.3. By Arzela-Ascoli theorem, there exists a subsequence of {ug}ren, again denoted as {ux}ren,

and ueo : X — R such that {ug }ren converges uniformly to us, on X.

4.4. Claim: u, is also Lipschitz.
Proof: For any € > 0, any x1, 22 € X, since {uy }ren converges to ue, uniformly, there exist K > 0,

such that for any k£ > K, we have |ug(x;) — uoo(x;)| < €, for ¢ = 1, 2. Therefore,

|u00(x1) — Uoo (T2)]
< k(1) = Uoo (@1)] + [ug(T2) — Uso (T2)] + [uk(21) — uk(z2)|

< 2e+ L||z1 — x2]]-

Since the above inequality is true for all € > 0, thus u., is also Lipschitz.
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4.5. For any x € X, since ug(z) > ug(x) and klim up(x) = Uso(x), we have uco(x) > ug(x).
—00

Therefore, u., satisfies the participation constraint.

4.6. For any fixed z € X, since {yx(z)}ren C cl(Y) which is compact, there exists a subsequence

{yk, (z) }1en which converges. Define yoo(z) := llim yi, (x) € c(Y). For each | € N, because yy, (x) €
—00
0%uy, (), by definition, we have uy, (v9) > G(zo,yr, (%), H(x,yr, (), ur, ())), for any zo € X. This

implies, for all ¢ € X, we have

uoo(-rO) = ll—lglo Uk, (xO) > ll_lglo G(xoaykz (I)’H(xvykz (x)vukz (JJ)))
= G(20, Yoo (%), H (2, Yoo (2), tico (7))

Thus, Yoo (7) € 0%uUs ().
Therefore, %uq () # 0, for any z € X. By Lemma 7 this implies 1, is G-convex.

At this point, we have found a feasible pair (uso, Yso), satisfying all the constraints in (Ps).

4.7. Claim: For any x € domDuc,, the sequence {yx(x)}ren C cl(Y) converges to Yoo ().
Proof: Since uo, is Lipschitz, by Rademacher’s theorem, u, is differentiable almost everywhere in
X, ie. p(X \domDue) = L™(X \ domDus) = 0.

For any = € domDu,, and any § € 0%uq(z), we have

9(2) = ya (2, too (x), Duos (z)),
according to equation (BZ3R) and hypothesis (G1). This implies 0%u () is a singleton for each x €
dom Dy, i.e. 0%Uoo () = {Yoo (1)}

For any « € domDu,, by similar argument to that above in part 4.6, we can show that any (other)
accumulation points of {yx(7)}ren are elements in the set 9%uq(r) = {yoo(z)}, i.e. the sequence

{yr(x) }ren converges to yoo ().
4.8. Finally, since u < L™, by Fatou’s lemma, we have

(e, yoo) = /X (2 Yoo (2), H (@, yoo (), 100 (2)))dia(2)

= /X lim sup 7(z, yx (), H(x, yp(x), ug(x)))du(x)

k—o0

> limsup/Xﬂ(x,yk(x),H(x,yk(x),uk(x)))dﬂ(x)

k—o0
= lim IT(ug, yx)
k—o0

= sup1l(u, y),
among all feasible (u,y). Thus, the supremum is attained. O

Remark 4.3.4 (More singular measures). If G € C? (uniformly in z € Z) the same conclusions extend to
1 which need not be absolutely continuous with respect to the Lebesgue measure, provide p vanishes on
all hypersurfaces parameterized locally as a difference of convex functions [L1] [13], essentially because

G-convexity then implies semiconvexity of u. On the other hand, apart from its final sentence, the
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proposition extends to all probability measures p if G is merely continuous, according to Noldeke-
Samuelson [B2]. Our argument is simpler than theirs on one point however: Borel measurability of y(z)
on domDu follows automatically from (G0) — (G1); in the absence of these extra hypotheses, they are

required to make a measurable selection from among each agent’s preferred products to define y(z).

Remark 4.3.5 (Tie-breaking rules for singular measures). When an agent 2 finds more than one product
which maximize his utility, in order to reduce the ambiguity, it is convenient to assume the principal
has satisfactory persuasion to convince the agent to choose one of those products which maximize the
principal’s profit. According to equation (4.3.6) and condition (G1), this scenario would occur only for
x € X \ domDu, which has Lebesgue measure zero. Thus, this convention has no effect for absolutely
continuous measures, but can be used as in Figalli-Kim-McCann [11] to extend our result to singular

measures.



Chapter 5

Convexity

5.1 Introduction

In this chapter, we will show concavity and uniqueness results of the principal’s problem, under the
settings in Section @

In Section @, we will first rewrite the principal’s problem as ()7 then state the equivalent
condition to convexity of the functional domain Up. Then we will show a variety of necessary and sufficient
conditions for concavity (and convexity) of the principal’s problem, and the resulting uniqueness of her

optimal strategy.

In Section E, we assume the monopolist’s utility does not depend on the agent’s private information,
which in certain circumstances allows us to provide a necessary and sufficient condition for the concavity

of her profit functional.

5.2 Concavity and convexity results

The advantage of the reformulation from Section @ is to make the principal’s objective II depend on
a scalar function w instead of a vector field y. By (G1), the optimal choice y(z) of Lebesgue almost
every agent € X is uniquely determined by u. Recall that g (z,u(x), Du(z)) is the unique solution
(y, z) of the system (E=3H), for any € domDu. Then the principal’s problem (P3) can be rewritten as

maximizing a functional depending only on the agents’ indirect utility u:

(Py) max I(u) := max / m(x, Jo(z, u(x), Du(z)))du(z). (5.2.1)
w>ag w>ug ~
u is G-convex u is G-convex

Define Y := {u: X — R | u is G-convex} and Uy := {u € U | u > ug}. Then the problem becomes
to maximize IT on Uy. In this section, we give conditions under which the function space Up is convex
and the functional II is concave, often strictly. Uniqueness and stability of the principal’s maximizing
strategy follow from strict concavity as in [L1]. We also provide conditions under which II is convex. In
this situation, the maximizers of II may not be unique but are attained at extreme points of Uy. (Recall

that u € U is called extreme if u does not lie at the midpoint of any segment in U.)

31
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Theorem 5.2.1 (G-convex functions form a convex set). If G : cl(X XY x Z) — R satisfies (G0)-(G2),

then (G3) becomes necessary and sufficient for the convezity of the set U.

Proof. Assuming (G0)-(G2), for any ug,u1 € U, define uy(x) := (1 — t)ug(x) + tus(z), t € (0,1). We
want to show u; is G-convex as well, for each t € (0, 1).

For any fixed zp € X, since ug,u; are G-convex, there exist (yo, z0), (y1,21) € (Y x Z), such that
uo(xo) = G(x0,Y0, 20), u1(xo) = G(xo,y1,21), uo(z) > G(x,yo,20) and ui(x) > G(z,y1,2), for all
rc X.

Denote (zg, yt, 2¢) the G-segment connecting (o, yo, 20) and (o, y1,21). Then us(zo) = (1—t)ug(xo)+
tuy(zg) = (1 —t)G(z0, Yo, 20) + tG(xo, y1, 21) = G(x0, Yt, 2¢), where the last equality comes from (E=2ZT).

In order to prove u; is G-convex, it remains to show u(x) > G(x, y, 2¢), for all z € X.

By (G3), G(x,yt, 2) is convex in t, i.e., G(z,yt, z) < (1 —t)G(x, yo, 20) + tG(z,y1, 21). So, u(z) =
(1 = t)up(x) + tur(x) > (1 — t)G(z, Y0, 20) + tG(x, 11, 21) > G(x,ys, 2), for each x € X. By definition,

uy is G-convex, i.e., uy € U, for all ¢ € (0,1). Thus, U is convex.

Conversely, assume U is convex. For any fixed zg € X, (y¢,2¢) € (Y x Z) with (xg,y:, z¢) being a
G-segment, we would like to show G(x,y, zt) < (1 — t)G(x, Yo, 20) + tG(x, y1, 21), for any z € X.
Define u;(z) := G(x,y;,2), for i = 0,1. Then by definition of G-convexity, ug,u; € U. Denote
ug := (1 —t)ug + tuy, for all ¢ € (0,1). Since U is a convex set, u; is also G-convex. For this 2y and each
€ (0,1), there exists (g, 2:) € (Y x Z), such that wi(x) > G(z, 4y, 2¢), for all © € X, and equality
holds at xg. Thus, Dui(zo) = D.G(xo, 1, Zt)-
Since (zo,yt, 2t) is a G-segment, from (B2, we know D,G(zo, s, 2t) = (1 — t) D G(x0, Y0, 20) +
tD,G(x0,y1,21) = (1 — t)Dug(xo) + tDui(zo) = Dui(zo). Thus, by (G1), (g, 2t) = (ys, 2¢), for each
€ (0,1). Therefore, (1 — ¢t)G(x,yo0,20) + tG(x,y1,21) = up > G(x, G, 2¢) = G(x, Y, z¢), for all z € X

i.e., G(x,ys, 2) is convex in ¢ along any G-segment (g, Yy, 2t)- O

The following theorem provides a necessary and sufficient condition for the functional II(u) to be
concave. It reveals the relationship between linear interpolations on the function space U and G-segments

on the underlying type space cl(Y x Z).

Theorem 5.2.2 (Concavity of the principal’s objective). If G and w : cl(X XY x Z) — R salisfy
(G0)-(G5), the following statements are equivalent:

(1) t €[0,1] — w(x,ys, 2¢) s concave along all G-segments (x,ys, zt);
(#7) II(u) is concave in U for all pn < L™.

Proof. (i) = (i1). For any wug,u1 € U, t € (0,1), define uy = (1 — t)ug + tuy. We want to prove
IM(u) > (1 — ) (ug) + tI(uy), for any p < L™.

Equations (B=3M) implies that there exist yg,y; : domDu — ¢l(Y) and zp, 21 : domDu — cl(Z)
such that

(Gm G)(x, yO(x)v ZO(fv)) = (DuOv UO)((E)7

(5.2.2)
(G:m G)(xa y1($>7 Zl(x)) = (Duh ul)(x)
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For each x € domDu, (yo(z), 2z0(x)), (y1(x),z1(z)) € (Y x Z), let t € [0,1] — (x,y:(x), z(z)) be the
G-segment connecting (x, yo(z), z0(z)) and (z,y1(x), z1(x)). Combining (E-22) and (E=2I), we have

(G, G) (@, y1(2), 20 (2)) = (Dus, i) (). (5.2.3)

Thus, by concavity of m on G-segments, for every ¢ € [0, 1],

M(u;) = /X (11 (2), 24(2) ) du(z)

> / (1 =) (2, y0(x), 20(2)) + t7 (2, y1(x), 21 (2) ) dp()
X

= (1 — t)IT(ug) + tI(uq).

Thus, II is concave in U.

(i) = (2). To derive a contradiction, assume (7) fails. Then there exists a G-segment (xo, y¢ (o), z¢:(20))
and tg € (0,1) such that

(20, Yo (o), 2 (20)) < (1 — to)m(wo, yo(xo), 20(x0)) + tom(zo, y1(20), 21 (20))-

Let uo(z) = G(z,yo0(x0), 20(z0)), ui(z) = G(z,y1(x0),21(x0)) and uy, = (1 — to)uo + tous. Then
Ug, U1, Ut, € U. From (B222) we know, y;(z) = yi(zo), 2zi(z) = zi(xo), for ¢ = 0,1. Let ¢t € [0,1] —>
(z,y:(x), z¢(x)) be the G-segment connecting (z,yo(z),20(x)) and (z,y1(x),21(x)). And combining
(E23M) and (E=Z), we have

(G, G) (2, yo(w0), 20(20)) = (Dug, uo)(x
(G, G) (@, y1(70), 21(w0)) = (Du, ur)(w
(G, G) (@, Y1, (2), 2 (7)) = (Dugy, ugy) (2).

)

)
)

Since 7, ¥z, and z, are continuous, there exists € > 0, such that for all z € B.(x¢), one has

(T, Yt (%), 21, (7)) < (1 = to)7(w, yo(20), 20(w0)) + tom (2, y1(20), 21(20)).

Here we use B.(zg) denote the open ball in R™ centered at xy with radius e. Take dy = dL™ |Bs(m0)

/L™ (B:(x0)) to be uniform measure on B.(zg). Thus,

M(ws,) = [ w.ralo), 1y () (o)
< [ (1= to)m(z. oln).zn(ao)) + torm (e, o). 21 (20) ()
X
= (1 — to)H(uO) + toH(m).
This contradicts the concavity of II. O

A similar proof shows the following result. Corollary B223 implies that the concavity of the prin-
cipal’s profit is equivalent to the concavity of principal’s utility along qualified G-segments. Moreover,
Theorem and Corollary B223 together imply that the principal’s profit II is a concave functional
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on a convex space, under assumptions (G0)-(G5), p < L™, and (i)’ below.

Corollary 5.2.3. If G and 7 satisfy (G0)-(G5), the following are equivalent:

(1) t € [0,1] — 7(z,ye(x), z(x)) s concave along all G-segments (x,y.(x),z(x)) whose endpoints
satisfy min{G (z,yo(x), 20(x)), G(x, y1(x), 21())} = ug(x);

(13)" II(u) s concave in Uy for all p < L.

To obtain uniqueness and stability of optimizers requires a stronger form of convexity. Recall that a
function f defined on a convex subset of a normed space is said to be strictly convex if f((1—¢)x+ty) >
(I1=t)f(z) +tf(y) whenever 0 <t < 1 and z # y. It is said to be (2-)uniformly concave, if there exists
A > 0, such that for any z,y in the domain of f and ¢ € [0, 1], the following inequality holds.

F(A =tz +ty) — (1= t)f(z) —tf(y) = t(1 = t)A||z — yl[*.

For such strengthenings, it is necessary to view indirect utilities u € U as equivalence classes of functions

which differ only on sets of © measure zero. More precisely, it is natural to adopt the Sobolev norm

iy = [ (1l + DuP)dta)
on U and Uy. We then have the following results:

Corollary 5.2.4. Let m and G satisfy (G0)-(G5). If
(13i) t €1]0,1] — m(x,yt, 21) is strictly concave along all G-segments (x,ys, z¢), then
(iv) T(u) is strictly concave in U C W¥2(X,du) for all p < L™. If

(wi) t € [0,1] — 7(z,ye(x), 2ze(x)) is strictly concave along all G-segments (x,y:(x), z:(x)) whose

endpoints satisfy min{G(x, yo(z), 2z0(x)), G(x, y1(x), z1(x))} > ug(x), then
(iv)' TL(u) is strictly concave in Uy C WH2(X, du) for all p < L™.

Besides, Theorem B2 and Corollary 224 together imply strict concavity of principal’s profit on a

convex space, which guarantees a unique solution to the monopolist’s problem.

Define G(z,%) = G(x,x0,y,2) = x0G(x,y,2), where T = (x,0), ¥ = (y,2) and 9 € X, where
Xo C (—00,0) is an open bounded interval containing —1. Hereafter, in this chapter and Section @ only,
we use xy to denote a number in Xy. For further applications, we need the following non-degeneracy

assumption.
(G6) G € C*(cl(X xY x Z)), and D; 5(G)(z,—1,y, 2) has full rank, for each (z,y,2) € cl(X x Y x Z).
Since (G1) implies m > n, full rank means Dz ;(G)(z, —1,y, z) has rank n + 1.

Theorem 5.2.5 (Uniform concavity of the principal’s objective). Assume G € C%*(cl(X x Y x Z))
satisfies (G0)-(G6). In case z = +o0, assume the homeomorphisms of (G1) are uniformly bi-Lipschitz.

Then the following statements are equivalent:
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(v) Uniform concavity of m along G-segments, i.e., there exists X\ > 0, for any G-segment (,yt, 2t),
and any t € [0,1],

(@, ye(x), 2¢(2)) = (L= t)m(z, yo (), 20(2)) — t(z, 1 (2), 21(2))

(5.2.4)
>t(1 = )| (51(2) = yo(@), 21(2) = 20(2))[[jgn++

(vi) TL(u) is uniformly concave in U C WH2(X, du), uniformly for all u < L™.

Proof. (v) = (vi). With the same notation as last proof, we want to prove there exists A > 0, such that
M (u;) — (1— ) () — tT(uy) > t(1 — £)A||uy — w31z x s for any pi < L™, ug,uy € U and ¢ € (0,1).

Similar to the last proof, we have (5.2.9) and () Denote Lip(G,,G) the uniform Lipschitz
constant of the map (z,y,2) € X xY x Z+— (G,,G)(z,y, 2).

Thus by uniform concavity of m on G-segments, there exists A > 0, such that for every ¢ € [0, 1],

H(Ut

~—

— (1= II(ug) — tT1(uy)

(2, ye(x), z¢e(v)) — (1 = )7 (2, y0(2), 20()) — tm(z, y1(2), 21(x))dp(x)
t(1 = Al (y1 () — yo(@), 21(x) — 20(2))|[fens1 dpa(2)
>

t(1 = t)A||(Duy (@) — Dug(x), u1(z) — uo(x))| i1 /Lip* (G, G)dp(x)

v
2 i

A
—t)————||u; — u N .
)Lin(Gx,G)H 1 — uollwr2(x,dp)

Thus, II is uniformly concave in U, with A= > 0.

[ S
Lip*(Go,G)

(vi) = (v). To derive a contradiction, assume (v) fails. Then for any A > 0, there exists a G-segment
(20, y:(20), 2:(2°)), and some 7 € (0,1), such that 7(z°,y,(z°), 2, (2°)) — (1 — 7)7(z°, yo(2°), 20(z")) —
P (a0, 1 (29), 21 (29)) < (1= )31 (22) — g0(2%), 21 (2%) — 20(2%) [y

Take ug(x) := G(z,yo(z°), 20(z?)), u1(x) := G(z,y1(2°), 21 (z°)) and for ¢ € (0, 1), assign u; = (1 —
t)ug + tuy. Then u, € U, for t € [0,1]. From (E222) we know, y;(x) = y;(2°), zi(x) = 2;(2°), for i = 0, 1.
Let t € [0,1] — (x,y:(x), z¢:(x)) be the G-segment connecting (x,yo(x), 2z0(z)) and (z,y1(x), z1(x)).
And combining (=30) and (E—21), we have

(vaG)(%yo(xo)vzo(xO)) = (Dug, uo)(x),
(G, G)(z, 91 (22), 21(2°)) = (Dug, uy)(z).
(Ga, G) (2, yt(x), 2¢(2)) = (Dug, ue) (2).

(
(

Since 7, y, and z, are continuous, there exists € > 0, such that for all x € B.(z2?),

(2, yr (2), 20 (2)) = (1 = 7)7(2, yo(a°), 20(2°)) — 77 (2, y1 (), 21 (2°))
<7(1=7)A(1(2°) = yo(z°), 21(2%) — 20(2"))|[fgn+1-
Here we use B.(2) denote the open ball in R™ centered at 2° with radius e. Take du = dL™ |B. ()

/L™ (B:(2°)) to be uniform measure on B.(x°). By (G6), the map ¢ : (z,p,q) — (y, 2), which solves
equation (), is uniformly Lipschitz on X x R x R™. Denote Lip(%¢) its Lipschitz constant.
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Thus for such 7, ug, u; and u, we have
IM(u,;) — (1 — 7)II(ug) — 7II(uq)
= /X (@, yr(2), 2 (2)) = (1= 7)m(z, y0(2°), 20(2°)) — (@, y2 (), 21 (")) da()
< [ =TI = v 20 o)
< 7(1 = 7)ALip? (Fe) |lur — wol 1.2 (x dp)-
This contradicts the uniform concavity of II. O

A similar argument implies the following equivalence. Theorem BT and Corollary BZ8 together
imply that the principal’s profit II is a uniformly concave functional on a convex space, under assumptions
(G0)-(G6), p < L™, and (v)'.

Corollary 5.2.6. Under the same assumptions as in Theorem , the following are equivalent:

(v)' Uniform concavity of ® (in the sense of equation )) along G-segments (z,y:(x), z¢(x)) whose
endpoints satisfy min{G(x, yo(z), z0(x)), G(x, y1(x), 21(x))} > ug(x);

(vi) II(u) is uniformly concave in Uy C WH%(X, du) uniformly for all p < L™.

The preceding concavity results also have convexity analogs. Unlike strict concavity, strict convexity
does not imply uniqueness of the principal’s profit-maximizing strategy, though it suggests it should
only be attained at extreme points of the strategy space U, where extreme point needs to be interpreted

appropriately.

Remark 5.2.7 (Convexity of principal’s objective). If w and G satisfy (G0)-(G5), the equivalences (i) <
(i7) and (i) < (44)" and implications (i4i) = (iv) and (44i)" = (¢v)’ remain true when all occurences of
concavity are replaced by convexity. Similarly, the equivalences (v) < (vi) and (v)’ < (vi)’ remain true

when both occurences of uniform concavity are replaced by uniform convexity in Theorem .

Assuming (G6), we denote (Gz )~ ! the left inverse of Dz ;(G)(z,z0,y,2). Starting from now, for
subscripts, we use i, k, j, 1, o, 3 denoting integers from either {1,...,m} or {1,...,n}, and 4, k, j, | denoting
augmented indices from {1,...,m + 1} or {1,...,n + 1}. For instance, m; denotes first order derivative
with respect to x only, 7 5 represents Hessian matrix with respect to g only, and G;)E; denotes a third

order derivative tensor which can be viewed as taking z-derivative of G ;.

The following remark reformulates concavity of m on G-segments using non-positive definiteness of
a matrix. This equivalent form provides a simple method to verify the concavity condition stated in
Theorem B2Z2. We will apply this matrix form to establish Corollary B=32 and Example B2 — B=23.

Lemma 5.2.8 (Characterizing concavity of principal’s profit in the smooth case). When G € C3(cl(X x
Y x 7)) satisfies (G0)-(G6) and m € C?(cl(X x Y x Z)), then differentiating m along an arbitrary G-
segment t € [0,1] — (x,ys, 2¢) yields

d2 _

(@Y 2) = (75 = miGHGrg)it (5.2.5)
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where GV denotes the left inverse of the matriz Gij and g = (%)QE. Thus (i) in Theorem B2 is
equivalent to non-positive definiteness of the quadratic form m iz — Wy[éz’liégjcj on Ty(Y x Z) = R,
for each (x,5) € X XY x Z. Similarly, Theorem (v) is equivalent to uniform negative definiteness

of the same form.

Proof. For any G-segments (z, ¥z, z¢) satisfying equation () and 7w € C?(cl(X XY xZ)), t € [0,1] —>
m(x, yt, 2¢) is concave [uniformly concave] if and only if %W(x,yt,zt) <0 [ =AW 20)|[zgnsr < 0], for
all t € [0,1].
On the one hand, since %w(x, Yty 2t) = Wﬂj’;, taking another derivative with respect to t gives
2 .

ﬁ”(% Yis 2t) = T 159 ¥+ 7T,Z§Z~ (5.2.6)

On the other hand, taking second derivative with respect to t at both sides of equation (p.2.3), which is

equivalent to G5 (2, o, y:(2), 2(2)) = (zoDuy, uy)(z), for some fixed zg € X, implies
kT + Gt =0 (5.2.7)

Combining equations (E2a) with (E2ﬂ) yields () For z € X, there is a G-segment with any
given tangent direction through § = (y,2) € Y x Z. Thus, the non-positivity of %ﬂ(m,yt,zt) along

all G-segments (z,yy, 2¢) is equivalent to non-positive definiteness of the matrix (7 j; — W’ZC_?;’Z_C_?;J;;) on
T;(Y x Z) =R
In addition, the uniform concavity of 7(z,y:, 2:) along all G-segments (z,y:, 2:) is equivalent to

uniform negative definiteness of (7 35 — m ;G*'G; ;) on R" 1. O

5.3 Concavity of principal’s objective when her utility does not
depend directly on agents’ private types: A sharper, more

local result

In this section, we reveal a necessary and sufficient condition for the concavity of principal’s maximization
problem, not for some specific examples in Chapter E, but for many other private-value circumstances,
where principal’s utility only directly depends on the products sold and their selling prices, but not the
buyer’s type.

Before we state the results, we need the following definition, which is a generalized Legendre transform
(see Moreau [28], Kutateladze-Rubinov [19], Elster-Nehse [J], Balder [2], Dolecki-Kurcyusz [[1], Gangbo-
McCann[12], Singer[41], Rubinov[40, B9], and Martinez-Legaz [22] for more references).

Definition 5.3.1 (G-concavity, G*-concavity). A function ¢ : cl(X x Xy) — R is called G-concave if
¢ = (%)% and a function ¢ : cl(Y x Z) — R is called G*-concave if ) = (%)%, where

o(z) = e G(z, ) — (),
and ¢ () = Lo G@,9) = o).

(5.3.1)
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We say 1 is strictly G*-concave, if in addition wc’; € OY(X x Xp).

Note that, apart from an overall sign and the extra variables, Definition coincides with a
quasilinear version G(z,¥, 2) = G(Z,9) — z of Definition .

The following corollary characterizes the concavity of principal’s profit when her utility, on the
one hand, is not influenced by the agents’ identity, and, on the other hand, has adequate generality
to encompass a tangled nonlinear relationship between products and selling prices. It generalizes the

convexity result in Figalli-Kim-McCann [11], where G(x,y,z) = b(x,y) — z and 7(z,y, 2) = z — a(y).

Corollary 5.3.2 (Concavity of principal’s objective with her utility not depending on agents’ types).
If G € C3(cl(X x Y x Z)) satisfies (G0)-(G6), 7 € C?(cl(Y x Z)) is G*-concave and u < L™, then II

s concave.

Proof. According to Lemma , for concavity, we only need to show non-positive definiteness of
(757 — mGHG; 7)) on R"* e, for any Z = (#,20) € X X Xo, § €Y x Z and £ € R, (775() —
mi(5) G (2.5)Gr 5 (2.5) €T <0

For any fixed 7 = (z,79) € X x Xo, y €Y x Z, £ € R there exist § > 0 and t € (—§,) — y; €
Y x Z, such that 4¢|i—0 = ¥, §li=0 = € and dtZG (z,9¢) = 0. Thus,

0= L] 6@ = G @ e + GG (532)

dt?|,_, t=0
Since 7 is G*-concave, we have 7(fj) = mMingeci(x x x,) G(,9) — ¢(&), for some G-concave function
¢. Since cl(X x Xp) is compact, for this g, there exists z* = (z*,20*) € (X X Xp), such that
mi(y) = Gi(z*,§) for each [ = 1,2,...,n + 1 and 71',;3(@)5’553 (_;,;3(’ L §)ERET for each € € RMTL.
Combined Wlth () this yields

G ry(@.9) = Gola" 9)G (@.9)Gi s (7,9)) €€

The last inequality comes from z¢* < 0 and (G3). O

The following proposition shows a version of a necessary and sufficient condition to the concavity in

corollary .

Proposition 5.3.3 (Concavity of principal’s objective when her payoff is independent of agents’ types).
Suppose G € C3(cl(X x Y x Z)) satisfies (GO)-(G6), m € C?(cl(Y x Z)), and assume there exists a set
J C c(X) such that for each §j € Y x Z, 0 € (15 + Gy)(cl(J),y). Then the following statements are

equivalent:
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(i) local G"-concavity of 7: i.e. my(y) + Gyy(,9) is non-positive definite whenever (x,4) € cl(J) x
Y x Z satisfies m5(y) + Gy(z,9) = 0;

(i) II is concave on U for all p < L™.

Remark 5.3.4. The sufficient condition, i.e., existence of J C ¢l(X) (such that for each § € Y x Z,
0 € (my + Gy)(cl(J),y)), make the statement more general than taking some specific subset of cl(X)
instead. In particular, if J = cl(X), this condition is equivalent to: for each g € Y x Z, there exists
x € cl(X), such that (75 + Gy)(z,y) = 0. One of its economic interpretations is that for each product-
price type, there exists a customer type, such that his marginal disutility, the gradient with respect to
product type (e.g., quality, quantity, etc.) and price type, coincides with the marginal utility of the

monopolist.

Proof of Proposition . (¢) = (it). Similar to the proof of Corollary 7 we only need to show

non-positive definiteness of (m; — W[Gg’zég’lgj), ie., for any T = (x,29) € X x Xo, § € Y x Z and

£ € R, (m;(9) — mi(y)GH (2, 9) G i5(2,9)) €7 < 0.
For any fixed 2 = (z,79) € X x Xg, ¥ € Y x Z, £ € R, there exist § > 0 and a curve
te (—(5, 6) — Y € Y x Z, such that gt|t:0 =19, th|,§=0 = f and %GE,(i‘7gt) =0. Thus,

d2 ~ ~ L i —~ . 1.
0=—z| Gi(@5) = GCig(@ 9Ee + Gip@9) - G0, (5.3.3)
t=0

For this g, since 0 € (75 + Gy)(cl(J),7), there exists 2* € cl(J), such that (75 + Gy)(z*,7) = 0. By

property (i), one has (my5(7) + Ggg(x*,gj))giﬂfj < 0. Let 2* = (2%, 1), then 7;(y) = G ;(z*,y) and
7@3(@)5’555 < Gw,@(f*,y)@fi, for each I = 1,2, ...,n + 1. Thus, combining () and (G3), we have

(13) = (4). For any (z,7) € cl(J) x Y x Z, satisfying 75(y) + Gy(z,y) = 0, we would like to show
(755 () + GJ;;(x,g))g’%g? < 0, for any ¢ € R*""L. Let Z = (z,—1), there exist § > 0 and a curve
t € (—6,8) — g € Y x Z, such that §;|;—0 = U, ¥t|t=0 = £ and %G’;’(fc,gjt) = 0. Thus, equation ()
holds.

Since II is concave, by Theorem B2 and Lemma EZR as well as equation ( ), we have
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which completes the proof. O

The following remark provides an equivalent condition for the uniform concavity of principal’s max-

imization problem. Its proof is very similar to that of the above proposition.

Remark 5.3.5. In addition to the hypotheses of Proposition , when Z = +00 assume the homeomor-

phisms of (G1) are uniformly bi-Lipschitz. Then the following statements are equivalent:

(i) mg5(y) + Gyy(x, §) is uniformly negative definite for all (z,7) € cl(J) x Y x Z such that m5(y) +
GQ (I, g) = 07

(i) II is uniformly concave on Y C W12(X, dp), uniformly for all p < L™,

When m = n, G(x,y,2) = b(z,y)—z € C3(cl(X XY x Z)) satisfies (G0)-(G8), and 7 (y, z) = z—a(y) €
C?(cl(Y x Z)), then Corollary shows b*-convexity of a is a sufficient condition for concavity of II
for all 4 < L™. One may wonder under what hypotheses it would become a necessary condition as well.
From Theorem A.1 in [1§], under the same assumptions as above, the manufacturing cost a is b*-convex
if and only if it satisfies the following local b*-convexity hypothesis: D?a(y) > D7, b(x,y) whenever
Da(y) = Dyb(x,y).

Combined with Proposition , we have the following corollary.

Corollary 5.3.6. Adopting the terminology of Figalli-Kim-McCann [11], i.e. (B0)-(B3), G(x,y,z) =
b(z,y) —2 € C3(cl(X XY x Z) and w(x,y,2) = z — a(y) € C*(cl(Y x Z), then a(y) is b*-convez if and
only if II is concave on U and for every y € Y, there exists x € cl(X) such that Da(y) = Dyb(x,y).

Proof. Assume a is b*-convex, by definition, there exists a function a* : c/(X) — R, such that for any
y €Y, a(y) = max,eqx) b(z,y) — a*(z). Therefore, for any y° € Y, there exists z° € cl(X), such that
a(y) > b(zY,y) —a*(z°) for all y € Y, with equality holds at y = y°. This implies, Da(y") = D,b(z",y°).
Taking J = ¢l(X) and applying Proposition , we have concavity of II, since local b*-convexity of a
is automatically satisfied by a b*-convex function a.

On the other hand, assuming II is concave on U and for every y € Y, there exists x € cl(X) such
that Da(y) = Dyb(z,y), Proposition implies local b*-convexity of a. Together with Theorem A.1

in [L8], we know a is b*-convex. O



Chapter 6

Analytic representation of condition

(G3)

6.1 A fourth-order differential re-expression of condition (G3)

In our convexity argument, hypothesis (G3) plays a crucial role. In this chapter, we localize this hypothe-
sis using differential calculus. Inspired by and strongly connected with Trudinger’s theory of generalized
prescribed Jacobian equations, this form is analogous to the non-negative cross-curvature condition (B3)
of Figalli-Kim-McCann [11], a fourth order condition in the spirit of the Ma-Trudinger-Wang [21]. For

another formulation, see e.g. [15].
Apart from the assumptions of Section @, we shall need the non-degeneracy condition assumed in

Section @:

(G6) G € C*(c(X xY x Z)), and D; 5(G)(z, —1,y, 2) has full rank, for each (z,y,2) € cl(X x Y x Z).

For this and the next chapter only, we assume the dimensions of spaces X and Y are equal, i.e. m = n,
so that the matrix mentioned in (G6) is square. We shall also need to extend the twist and convex range

hypotheses (G1) and (G2) to the function H in place of G. This is equivalent to assuming:

(G7) For each (y,z) € cl(Y x Z) the map © € X — %(, y, z) is one-to-one;

(G8) its range X(y .y 1= gz

(X,y,2z) C R™ is convex.

We can now state:

Theorem 6.1.1. Assume (G0)-(G2) and (G4)-(G8). If, in addition, G € C*(cl(X x Y x Z)), then the

following statements are equivalent:

(i) (G3).

(if) For any given xg,z; € X, any curve (yt, 2:) € cl(Y x Z) connecting (yo, z0) and (y1, 21), we have

<0

)

0? 1 0?
o5 <Gz<x8,yt,zt> atz(’“w“zto

t=to

41



CHAPTER 6. ANALYTIC REPRESENTATION OF CONDITION (G3) 42

whenever s € [0,1] — gy (%s, Yty 2t,) forms an affinely parametrized line segment for some

to € [0, 1]

(iii) For any given curve x5 € X connecting xo and x1, any (yo, 20), (y1,21) € (Y x Z), we have

<0

S=38¢

3

0? 1 02
%4@@wwmw“%%@>

whenever ¢ € [0,1] — (Gy, G)(zsy, Yt, 2¢) forms an affinely parametrized line segment for some
So € [0, 1].

The proof of this theorem and its embellishments are represented in the following section:

6.2 Proof and variations on Theorem 6.1.1

Proof of Theorem . (i) = (ii). Suppose for some tg € [0,1], s € [0,1] —> g—z(zs,yto,ztg) forms an
affinely parametrized line segment.

For any fixed so € [0,1], consider z,, € X, there is a G-segment (xs,,y;°, 2;°) passing through
(Tsgs Yto» 21,) At t = to with the same tangent vector as (zs,,yt, 2t) at t = to, i.e., there exists another
curve (y;°,2°) € cl(Y x Z), such that (y;°,2;°) li=te= (Y, 2t) lt=tos (Y¢°°5 Zt°) li=to |l (Uts2t) li=t0, and
(Gar G) (o0 3%, 25°) = (1 = 1)(Gs G) (s U0 25°) + H Gy ) (g, 3, 210).

Computing the fourth mixed derivative yields

0? 1 02
957 (azm,yt,zo at?(;(””“y“zt’)

2 2 3 4
= [(G.)2Gi %" — (G2)2Gyj 027 + 2(GL) 3G .Gy .7 5] - [G ™ + G2 + G gy
+2G k29" 2 + Gz (1)
+2[—(G2)T2Gy .37 - (G @G + Gyt 5+ G @ e ' + 26 k2@ G 5+ Gy 2t (20)7)
+(G2) MG ks Ge* + Gijpts I GeR 4 G @5 5 + G o 07 5+ Gy s G e + Gy s 257 i !
+ 2G 185 G 2 + 2G5 B Y 2+ G (2)? + Gijan®s T (24)7)
= [((G.) " 'Gik — (G2) 3G .G 1)35" + ((G2) *Gij — (G2) 2G xGij» — 2(G.) G .Gk
+2(G.) 3G 4Gy . Gy.2) 3 1

z)ilGi,zz - (Gz)isz,szz]xsl(Zt)2
z)_lGij,zz - (Gz)_ZGij,szz + Q(Gz)_gGi,sz,szz - 2(Gz)_zGi,sz,zz]$.sil:sj(Zt)2~

+[(G2) 7 G — (G2) 72 GGl i !

+ (G Gijrt — (G2)T2Gij .G o + 2(GL) 3Gy G .G ot — 2(GL) T2G .Gy )@ a7 4 P!
+[2(G) *Gigs — Q(Gz)_QGi,zG,kz]-fsiy'tkzt

+2(GL) T Gijrr — 2(GL) T2Gij G ok + AGL) 3G .G LGk — A(GL) TG LGk T 2
+

+1

The coefficient of ¢;* vanishes when this expression is evaluated at ¢ = ¢y, due to the assumption
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Gy
G-

that s € [0,1] — =2 (x5, Yty, 21,) forms an aflinely parametrized line segment, which implies

2 G

@Giy(xmytoazto)

= [((G2) Gy = (G2)72Gi .G y)i" + ((G2) ' Gijy — (G2)7°G Gy
—2(G,) %G, .G, +2(G,) 3G G .G, )it i

for all s € [0,1].
Since (¥¢°°, 2¢%°)|e=ty || (U, 2t)|t=t,, there exists some constant C; > 0, such that (9, 2)|t=t, =

Cl (y't507 Z:tSO ) ‘t:tg . MOI‘GOVQI‘, since (yt, Zt) |t:t0 = (yfo y Zfo) |t:t07 we have

0? 1 0?
052 (GZ(%MWG(%,%,%O

0? 1 0?
— 2 50,50
= Cipe (Gz(xs,yf",zf")at2G(”“”5’yt " )>

t=to

t=to

Denote g(s) = g—;\t:toG(xs,yf‘),zfo), for s € [0,1]. Since (xs,,y;°, 2:°) is a G-segment, by (G3), we
have g(s) > 0, for all s € [0,1]. By definition of (y;°, 2;°), it is clear that g(sg) = 0. The first- and
second-order conditions for an interior minimum then give ¢’(sg) = 0 < ¢”(s0); (in fact ¢'(sg) = 0 also
follows directly from the definition of a G-segment).

By the assumption (G4), we have G, < 0, thus,

o < 1 o2
- 776‘(1'5,9&275)
052\ G.(zs, s, ot?
S ($ Yt Zt) (s,t)=(s0,t0)

02 1 0?
= 27 (- - S0 S0
o Cl 882 (Gz(xsvy:07zfu)atzG('xS’yt ’Zt ))

(s,t)=(s0,t0)

9? 1 s
= 12@ (G(xsayi07zfo)>g(80)
(s,t)=(s0,t0) ?
9 1 Ci
207 — Coloa o |9 eREmTIED T
_|_ ] 5 ( t)i( t <G2(xs,y§072£0)>g (SO) + Gz(ms7yfo7zfo)g (SO)
s,t)=(Sso0, 0)
< 0.

(ii) = (i). For any fixed zp € X and G-segment (o, yt, z¢), we need to show g—;G(xl, yt, 2t) > 0, for
allt €[0,1] and z; € X.
For any fixed ¢ty € [0,1] and z1 € X, define z as the solution & to the equation
Gy, . G G
ay(xaytovztg) =(1- S)ny(‘Tantmzto) + Say(xlvytoazto)' (6.2.1)
By (G7) and (G8), z, is uniquely determined for each s € (0,1). In addition, xo and 7 satisfy the
above equation for s = 0 and s = 1, respectively.
92
Define g(s) := W%G(a@s,yt,zt) e for s € [0,1].

Then g(0) = 0 = ¢’(0) from the two conditions defining a G-segment.
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In our setting, s € [0, 1] gy (xs,yto,zto) forms an affinely parametrized line segment, thus 0 >

88722 (maﬂ (s, Ye, zt))’ ) for all s € [0,1] by hypothesis (ii).

Hence g is concave in [0, 1], and g(O) = 0 is a critical point, thus g(1) < 0. Since G, < 0 this implies
G(z1,yt,2¢) > 0 for any tg € [0,1] and x; € X, as desired.

92
P
ot t=to

(i) = (iii). For any fixed sy € [0,1], suppose t € [0,1] — (Gu, G)(Tsy,Ys, 2¢) forms an affinely

parametrized line segment. For any fixed ¢y € [0, 1], define g(s) := m th G(xs, ys, zt)) ‘ , for

all s € [0,1]. By (G3)-(G4), we know g(s) < 0, for all s € [0,1]. By the definition of (y, z;), we have
9(s0) = ¢'(s0) = 0. Thus g"(so) < 0.

(iii) = (i). For any fixed zp € X, suppose (xo,y?,2?) is a G-segment, then we need to show
g—;G(Jchyt,zt) >0, for all t € [0,1], 21 € X.
For any fixed ¢y € [0,1], 1 € X, define x5 as the solution & of equation

G G G
Gy (fﬂ yt07 Ztg) (1 - S) Gy (:L'Oa yi[t)ov Zz(f)g) + Say(xlv yz(t)o,zi?o)'

By (G7) and (G8), x is uniquely determined for each s € (0,1). In addition, xg and x; satisfy the
above equation for s = 0 and s = 1 respectively.

2
Define g(s) := W%G(xs,yg,z?) , for s € [0,1].

Then g(0) = ¢’(0) = 0 by the two conditions defining a G-segment.

For any fixed so € [0,1], there is a G-segment (z4,,;°, 2;°) passing through (z,,yp . 2(,) at t = to
with the same tangent vector as (zs,, y?, 20) at t = to, i.e., there exists another curve (y;°, ztso) ed(Yx2Z)
and some constant Cy > 0, such that (7%, 2°) |i=eo= (¥, 29) li=tes (¥:%0,2:%0) |imto= (yt,zt) lt=tos
and (Ga, G) (w50, 4;°52°) = (1 = 8)(Ga, G) (250, 45", 2°) + UG, G) (50, 47", 21°)-

Computing the mixed fourth derivative yields

02 ( 1 o2
— e — G(xsv yto’ Zto)
032\ G, (x99, ot?
s (Z’ Z/t 2t ) (s,t)=(s0,t0)

0? 1 0?
— 2 50,80
- @ (Gz(xs,yiﬂzt DECE )>

9

(s,t)=(s0,t0)

where the equality is derived from the condition that s € [0,1] — =¥ (ms, Yto, 2t,) forms an affinely pa-
rametrized line segment, (4;°, 2/°) |i=to= (Y1, 2t) 1=, and (2, 2?) |t to= Ca(Yt®°, Zt°°) |4=1,- Moreover,
the latter expression is non-positive by assumption (iii).

Thus ¢”(s¢) < 0 for all sy € [0, 1]. Since g is concave in [0, 1], and g(0) = 0 is a critical point, we have
g(1) <0. Thus G, < 0 implies %‘tﬁ G(z1,9,20) > 0 for all t5 € [0,1] and 21 € X, as desired. O

For strictly concavity of the profit functional, one might need a strict version of hypothesis (G3):

(G3)s For each z,z9 € X and z # g, assume t € [0,1] —> G(x,yq, z;) is strictly convex along all

G-segments (zg, yt, 2¢) defined in ()

Remark 6.2.1. Strict inequality in (ii) [or (iii)] implies (G3)s but the reverse is not necessarily true, i.e.
(G3); is intermediate in strength between (G3) and strict inequality version of (ii) [or (iii)]. Besides,

strict inequality versions of (ii) and (iii) are equivalent, and denoted by (G3),,.
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Note inequality () below and its strict and uniform versions (G3); and (G3),, precisely generalize
of the analogous hypotheses (B3), (B3), and (B3), from the quasilinear case in [11].

Proof. We only show strict inequality of (ii) implies that of (iii) here since the other direction is similar.

For any fixed so € [0,1], suppose t € [0,1] — (G, G)(xs,, Y1, zt) forms an aflinely parametrized
line segment. For any fixed ¢y € [0,1], define 2% as a solution to the equation g—z(xif’,yto,zto) =
(1- s)%(mé",yto,zto) + s%(w?’,yto,zto), with initial conditions z%|_s, = x5, and z|s—s, = C4
“Zs|s=s,, for some constant C7 > 0. Thus, by strict inequality of (ii), we have

1

2 2
0> 87 iG(xZO,yt,zt))

0s? (Gz(mgo, Yt, 2t) ot?
_ 82(1)) 0’

7G t07 )
G (2, Yy, )/ Ot2 (@' e, 2¢)
0 ( 1 ) o?

(S,t):(S(),to)

(s,t)=(s0,t0)

+ G to’ Ly
05 \G,, (2%, ys, 2¢)/ Os0t? (@7 y1. 21) (s,8)=(s0,t0)
1 o4
+ Gz, ys, 2
Gz(xgo7yta zt) aSZatZ ( vt t) (S,t):(so,to)

Go (2,41, 2) 02 ¢ 102
= - ——sv SIIVT ’ ? 7G1 X O, , 2 -TSO
Gg(‘rgoayhzt) 8t2 ( ) v t)( )

1 0?

Gz(xgoayta Zt) w

(s,t)=(s0,t0)

+ Gmx(mgovytazt)(¢§0)2

(s,t)=(s0,t0)

Gw z(ms Yt Zt) 82 .
= 02 - : - Gz Ts, Yty 2t )\ Ts 2
1{ G2(ws,yt,2t) Ot? (s, 2, 22) (&) (s,t)=(s0,t0)
1 02
G (s, Yr, 20) (E5) 2
GZ(J?S, Yt, Zt) 6t2 ( Yt t)( ) (s,t):(so,tg)]

0? 1 0?
2< (-
Ol Hs2 (Gz(xmytazt) BtQG(x&ytazt))

(s:t)=(s0,t0)

Here we use the initial condition z%0|_s, = x5, and z¥°|s—s, = C1&s|s—s,. Besides, since (zs,,yt, 2¢)
forms a G-segment, therefore we have

32

62
@G(xioaytazt)

:0’

stv ) #
(@3, 2) (5,6)=(50,t0)

(S,t):(So,to) - ﬁ

2

0
and @Gz(x?, Yty Zt)

32
= 7Gz(fcs,ytv Zt)

=0.
(s,H)=(s0,tg)  Ot2

(S,t):(S(),to)

From the above inequality and C; > 0, one has

0? 1 0?

il Cex e kA R IEY)

(S7t):(50 ’tO)

whenever Zs|s—s, and (4, 2¢)|t=¢, are nonzero. Since this inequality holds for each fixed to € [0, 1], the

strict version of (iii) is proved. O

Combining (ii) and (iii), one can conclude they are also equivalent to the following statement (iv).



CHAPTER 6. ANALYTIC REPRESENTATION OF CONDITION (G3) 46

Corollary 6.2.2. Assuming (G0)-(G2), (G4)-(G8) and G € C*(cl(X x Y x Z)), then (G3) is equivalent

to the following statement:

(iv) For any given curve x5 € X connecting xo and z1, and any curve (y, z;) € cl(Y x Z) connecting

(Y0, 20) and (y1,21), we have

o2 1 52
oy 07 )
0s? <Gz(x5’yt72t) ot2 G(xsﬂyhzt)) 0

— )

(6.2.2)

(s,t)=(s0,t0)

whenever either of the two curves ¢t € [0,1] — (G, G)(xs,, Y, 2¢) and s € [0, 1] — g—z(xs, Ytos Zto)

forms an affinely parametrized line segment.



Chapter 7

Geometric re-expression of condition

(G3)

7.1 Introduction

As part of optimal transport theory, Ma-Trudinger-Wang [21] in 2005 gave sufficient conditions on a
transportation cost to guarantee smoothness of the optimal transportation map, while Loeper [20] showed
these conditions are also necessary. In 2010, Kim-McCann [18] expressed them via non-negativity of the
sectional curvature of certain null-planes in a novel but natural pseudo-Riemannian geometry which was

induced by the cost function on some product space.

In Chapter E, we show that (G3) is, in fact, a fourth order condition in the spirit of the Ma-Trudinger-
Wang condition. Inspired by Kim-McCann [18], we will show in this chapter a geometric representation
of condition (G3), which is non-negativity of the sectional curvature in a pseudo-Riemannian geometry
induced by the utility G, up to the additional variable, on the product space X x R x Y x R.

7.2 Context

In this section, we will define the pseudo-Riemannian metric g and calculate the Christoffel symbols I"

and the curvature tensor R.

Let G(o,w,y,2) = wG(x,y,2), T = (v,w), § = (y,2), and §(Z,7,%0,%0) = —G(%,7) — G(To,5o) +
G(z,70) + G(Zo, 7).

For some fixed (Zg, §o), one can view the ¢ defined above as a function of variable = = (Z, §) on the
space M = X x R x Y x R, with the following first order derivatives.

-G (7,9) + G
Gi(z,y) +

(i‘7g0)a ZSnJ’_l

<

Vid(Z, 9, %o, Jo) = (7.2.1)

<

i,
éyg(i‘o,ﬂ), Z>’/l+].

Here we adopt this notation ¢ :=i — (n + 1) for n +1 < i < 2(n + 1). As a notation convention, we use
a comma to separate subscripts of G, which correspond to the derivatives with respect to the variables

Z in spaces X x R (before comma) and § in ¥ x R (after comma), respectively.

47
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If G € C?, for each fixed (o, o), since the first derivative of § vanishes at (Z,9) = (Zo, Jo), the

second order derivatives of § at Z¢ = (Zo, 7o) is well-defined and can be written as follows.

—G,5(Zo,50), i<n+1<j
vijé(i.vgu f07g0)|(27g):(507g0) = —ij(i‘o, :go)7 1 >n+12>j (722)
0, otherwise

Let Tz, M denote the tangent space to M at Zy. Define the pseudo-Riemannian metric gz, : Tz, M x
Tz, M — R at E¢ on M to be the above 2(n + 1) x 2(n + 1) symmetric matrix.

One can calculate the Christoffel symbols using the following formula with Einstein summation

convention where g™ is the inverse matrix of g:

1 Ogu | Ogji  0Ogij
m — —gm L 220 2.
i = 99 (aaj*_aai o=, (72.3)

Here is a calculation of each component:

-G,51, i<n+1<y
~Gin Li<n+1<l;

Jilj = ggj =4-G55, 1<n+1<ij; (7.2.4)
=G5 Bl<n+1<i;
0 otherwise.

Similarly, one has

—Gji, j<n+1<il;
-G Li<n+1<l

ijsi = g‘g =9-G155, 1<n+1<ij (7.2.5)
-Gyj, L,I<n+1<j;
0 otherwise;
—C_?i,ﬁ, 1<n+1<yl
—Guj, I<n+1<j;

Gigil = g%j = —Gj,;;, i<n+1<il (7.2.6)
G HI<n+1<i;
0 otherwise.

Therefore, putting together these three terms, one has

—2G;;, hj<n+1<l
dga | Oqi;  0gij _

— L = 9G s, iy > 1 7.2.7
9=, | OE, o=, 2G5, L,j>n+1>1 ( )

0, otherwise.
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Denote G™' as the inverse matrix of (_}’k);. Since g™ gy, = gp', one has

—Gml m<n+1<l
g =0 G I <n+1<m (7.2.8)

0, otherwise.

Therefore, the Christoffel symbols could be represented as follows.

1
= ~g" (gitj + 9ujsi — Giju)

2
~Amloy - .
G Gij,l’ 1,7, M S n+ 1 < l, (729)
= Gl’mél’g% i,j,m>n+12>1;
0, otherwise.

Then one can calculate the pseudo-Riemannian curvature tensor R.

Rijki = gim R} (7.2.10)

o d
I — a?kf?? + DRl — TR, (7.2.11)

—Git, GGy jr + Gy jpn il <n+1<k,j;
GiraGP*Gy 51— Gy ik <n+1<l,j;
=0 Gk, aGP*Gyir+ G, Gk <n+1<1i; (7.2.12)
GjaGP*Gyir — Gin, Gl <n+1<k,i

= —Gim 3751

0, otherwise.

7.3 G-segments are geodesics

Definition 7.3.1 (G-segment with the notion of additional variable). For each Zg = (z9,wp) € X x R,
Yo, 7 € (Y x Z) with wo # 0, define 3, € cl(Y x Z) such that the following equation

D:G(Zo,5:) = (1 — ) DzG(Zo, §o) + tDzG(Zo, §1) (7.3.1)

holds for each ¢ € [0, 1]. By conditions (G1) and (G2), @ is uniquely determined by () We call
t €10,1] — (Zo,T:) the G-segment connecting (Zg, go) and (Zo,J1) on M.

For any continuous, piecewise continuously differentiable curves v : [0,1] — M, let E(-) denote the

energy functional:

1

B0) =3 | oG- s0)a (732)

Then the Euler-Lagrange equations of motion for the functional E are given by

d?zm =' d=d
—__ == 7.3.3
dt? i dt dt ’ ( )
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where T'}} is the Christoffel symbol define in () The above equality () is the so-called geodesic

equation.

Proposition 7.3.2 (G-segments are geodesics). Assume (Gl) and (G2). For any G-segment t €
[0,1] — (Zo,T:), defined in Definition , connecting (Zo,Yo) and (To,y1) on M, it satisfies the
geodesic equation ()

Proof. Since G-segment ¢ € [0, 1] — (Zo, §¢) satisfies (n)7 the following equations hold:

0 = 97 DzG(Zo, it) (7.3.4)
= DyrgnG - " + Dargigi G - 51 U1 (7.3.5)

This implies
"+ [(Dagm G) 5™ - Danyis G - G 5 = 0. (7.3.6)

Rewrite the above equation in terms of variable =, then one has
Zm o Ghm. Grij Zi = =0, where k <n+1<i,j,m. (7.3.7)

Combining with (), this implies the geodesic equation () O

7.4 Condition (G3) is a non-negative sectional curvature condi-
tion

Recall that in concavity arguments in Chapter E, condition (G3) plays the most important role. In
Section EI, we introduced the fourth-order differential re-expression of condition (G3). One may also
wonder what the geometric meaning of the (G3) condition is. In this section, we are going to show the

geometric re-expression of condition (G3).
(G3) For any # = (z,w) with w > 0, assume 0?G(Z,%;) > 0, whenever there exists Zo = (zg, 1) such

that 02DzG(Zo, 5;) = 0.

For the pseudo-Riemannian metric tensor g defined in () and any two tangent vectors P,Q €

Te,M, define the unnormalized sectional curvature at the point =y € M as
(M,g) .. (= i pl. i,k
secg, " PAQ = Rijii(Z0) - P - P - Q7 - QF, (7.4.1)

where R is the curvature tensor shown in ()

The following theorem describes equivalent expressions of the (G3) condition. Part (i) and (iii) are
taken from Theorem . While keeping the ordering number of statements from Chapter E (Theorem
and Corollary )7 part (v) is a variation of (iii) by rewriting (G3) condition with the notion of
the additional variable, and part (vi) is the non-negative sectional curvature condition on the manifold
M defined in Section @

Theorem 7.4.1. Assume (G0)-(G2) and (G4)-(G8). If, in addition, G € C*(cl(X x Y x Z)), then the

following statements are equivalent:
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(1)
(i)

(G3).

For any given curve x5 € X connecting g and x1, any (Yo, 20), (y1,21) € cl(Y x Z), we have

<0

S$=38q

3

(7.4.2)

0? 1 02
9:2 (azus,yt,zt)atzG“s’ytvzt))

whenever ¢ € [0,1] — (Gy, G)(zsy, Yt, 2¢) forms an affinely parametrized line segment for some
So € [0, 1].

Let s € [0,1] — w, € (0,00) , for any given curve x5, € X connecting xg and z1, any go,J1 €
c(Y x Z), we have
84
0s20t2

G(Zs,5t) > 0, (7.4.3)

8$=S80

whenever ¢ € [0,1] — (Zs,, §:) forms a G-segment for some s € [0, 1].
For any vectors P = p® 0, Q = 0 ® q € R?*"*2, where p,q,0 € R"™! and @ represents the direct
sum, and Zy = (zg, wy, Jg) € M with wy € (0,00), the sectional curvature satisfies

sect!"? PAQ > 0. (7.4.4)

Proof. (i) and (iii) are equivalent from Theorem . Only need to show the equivalences of (iii) and
(v), (v) and (vi).
(iii) = (v). Let a0, 21 be any two points on X, (yo, 20), (y1,21) be any two points on cl(Y X Z), ws

be any curve on (0, 00), s € X be any curve connecting o and x1, and (y;, z;:) € cl(Y x Z) be any curve

connecting (Yo, z0) and (y1, 21). Suppose there exists sg € [0, 1], such that ¢ € [0,1] — (Zs,, ) forms a
G-segment. Then from (), we know t € [0,1] — (Gz, G)(Zsy, Yt, 2¢) forms an affinely parametrized

line segment, i.e.,

82

0 = @GJE(IS(NytaZt)? (745)
82
0 = @G(Iso,yt,zt). (7.4.6)

Therefore, one has

(7.4.7)

o2 1 92
> 9s2 N
O o (Gz(x&yt,zt) atQG(xS’yt,Zt)>

1 o4

S=S80
2 62

az(xs7yt7zt) : aﬁG(Z‘sovytazt) (748)

G(xsa Yt, Zt) +

G. (:ESO » Yt Zt) 0s20t2 @ -

S$=8g s=so

9 1 9?2
*5s S 2 O (T Yt S i
+ Js Gz(l's,yt7zt) ot2 ({L‘ 01 Yt Zt) T ( )
8=3S8p .
1 9t
: Pl 7.4.10
G, ($30 » Yt Zt) 0s20t2 (.T Yt Zt) ( )
S$=80
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Notice that G, < 0 because of condition (G4). Thus, the above inequality is equivalent to

84
W G(xs,yt,zt) Z 0. (7411)

S§=S8p

On the other hand, for the same curves described above, since G(Z, ;) = G (x5, ws, Ys, 2t) = wsG (w5, Y1, 2¢),

applying (IE.4.a) and (;.Zl.a)7 one has

0 A . 0
550 @5 00) = wsG(@s, e, 20) + ws 5= G2, Y, 24) (7.4.12)
O . ) 02
@G(:cs, yt) = WsG(xs, Y, 2t) + 2ws%G(xs, Y, 2t) + ws@G(:vs, Yt, 2t) (7.4.13)
o . .0 Lo o
Ds20t2 G(Ts, Y1) = s, @G(%m Yty 2t) + 20T, @Gx(xsoa Yt, 2t) + W, 92012 G(xs, s, 2t)
S$=So $=S0
(7.4.14)
84
= Wso g2 G(zs, Y, 21). (7.4.15)
S5=S8p
Since wy, is positive, the equation () is equivalent to
ot -
92| C@s%) =0 (7.4.16)
s=so

(v) = (iil). Let zg, 1 be any two points on X, (yo,z20), (y1,21) be any two points on cl(Y x Z),
xs € X be any curve connecting x¢ and z1, and (y;, 2¢) € cl(Y x Z) be any curve connecting (yo, 20)
and (y1, z1), satisfying that ¢ € [0, 1] — (G, G)(xs,, yt, 2¢) forms an affinely parametrized line segment.
Let wy = 1, for all s =€ [0, 1]. Then, by definition, ¢ € [0,1] — (Zs,, ¢) forms a G-segment. From (v),

one has

84
0s20t2

G(Zs,7t) = 0. (7.4.17)

8$=S8po

By the similar computations as in the first part and G, < 0 because of condition (G4), one has

0% ;8726*( ) - 1 o . | s
052\ G (w5, Y1, 2t) Ot Ts, Yt, 2t . G (2sy, Yty 2¢) 052012 - Ts, Yt, %t n
1 o B
) Ts, §t) < 0. 4.1
Golemr ) 20| C@o ) <0 (T419)

(v) = (vi). Let Ts be any curve on X x (0,00) with Zs|s—o = (z¢,wp) and Zs|s—o = p, ¥ be any

curve on cl(Y x Z), satisfying @¢|1—0 = ¥g, Jt|t=0 = q and the following equation

02 DzG (%o, 7t) = 0. (7.4.20)
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That is, the curve ¢ € [0,1] — (Zo, §;) forms a G-segment. Thus by (v) we know

ot o
s=0
On the other hand, from () we know
G (Zo, Y1) ’gf + Gy (%o, Ge) - U5 - Ui = 0. (7.4.22)
This implies
?g = —Gi’j(fmﬂt) : Gi,kl(fo,?]t) ?,’f : z}i (7.4.23)
Thus
ot -
WG(.’ES,yt) . (7424)
0% e = PR
= @[Gu(js,gt) Ty + Ga (Ts, t) - Ty - T (7.4.25)
s=0
9% _ e
= @Gil,(:ﬁo,gt) X - T (7.4.26)
= G j(Zo, Gr) - - B - G + Gt ji(To, Te) - - & - U7 - U (7.4.27)
= [~Git,a(Z0. 5t) - G**(Z0,5t) - G (To. Gt) + Gat i (To, §e)] - Tl - T - 4] - GF (7.4.28)

where 4,1, j,k,a, 6 =1,2,...,n+ 1.
Denote Z; := (Zg, %) Since P = Zo @ 0, one can rewrite () as

n+1l 2n42 n+1 B B B B ) o
S>> Y [FGualE) - GPUEL Gy p(Er) + Gy gi(Er)] - PP E] - EF (7.4.29)

i,l=1j,k=n+2 a,f=1

n+1l 2n+2 . o )

= > Y RyuE)-P-P == (7.4.30)
i,0=1j,k=n+2
2n+2 ‘ B .

= Y Ryu(E)-P'-PE-Ef (7.4.31)
i0,5,k=1

= sect" P AE,. (7.4.32)

Therefore, equation () implies

sect"? P AE, > 0. (7.4.33)

In particular, for ¢ = 0, since Q = Z, € R2"+2,

sece? PAQ > 0. (7.4.34)
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(vi) = (v). Let zg, 21 be any two points on X, (yo, 20), (y1, 21) be any two points on cl(Y X Z), ws
be any curve on (0,00), s € X be any curve connecting z¢ and z1, and (y;, z;) € (Y x Z) be any
curve connecting (yo, zo) and (y1,21). Suppose there exists sg € [0, 1], such that t € [0,1] — (Zs,,Tt)
forms a G-segment. Then from (), we know

Gij(TaoyTt) -1 + Cisa(Tag, §e) - JF - 5 = 0. (7.4.35)
gi = _GiJ (‘/z'soa gt) . Gi’kl(‘i‘so’ gt) : gf . gllf (7436)

Denote Z; := (Zs,,7:). For any fixed to € [0,1], let P = Z,, ®0, Q = Z4, = 0® §, € R*"2. Thus

from part (vi),
secM9) p A Q>0. (7.4.37)
=P

On the other hand, with similar calculations as above, one has

ot L
s=s0,l=to
= [_Gilﬂl(jsov yto) : G@a(jsov yto) : Gﬁajk(fsov gto) + Gil,jk(fsov gto)] : i';o : ‘%io ’ gj{o : gfo (7439)
= sec(E]Z)’g) PAQ. (7.4.40)
Therefore, () holds for all ¢ € [0, 1]. O

Remark 7.4.2. Strict inequality versions of (v) and (vi) in Theorem are equivalent to strict inequality
of (iii), and thus condition (G3),,.
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Examples

8.1 Several examples for the quasilinear case with explicit so-

lutions

In 2011, Figalli-Kim-McCann [L1] provided a non-negative curvature condition (B3) which is equivalent
to the convexity of the domain of the objective II or the domain of £ defined below, under some
other constraints. One may wonder the question whether this curvature condition (B3) is necessary for

uniqueness of the optimizer as well.

According to Loeper [20], for ¢ = d?, where d is a Riemannian distance, (B3) is satisfied only if
the Riemannian sectional curvature is non-negative. This section shows a negative answer to the above
question, via uniqueness examples on the hyperbolic spaces with constant negative curvatures, where
(B3) is violated.

Let D be a disk with a small radius ¥ on H"(n > 2), and consider spaces X = Y = D, utility
G(z,y,z) = —%d%(m,y) — z, and profit 7(z,y,2) = z (i.e., m(z,y,2) = z — a(y) with a = 0), where

dg(z,y) = Rcosh™* (l‘oyo — mlle; S xnyn> = Rcosh™! [cosh % cosh % — sinh % sinh %M )
n—1 i—1 n—1

M = Z cos 0; cos p; Hsin 0;sinp; | + H sin 6; sin ¢,
i=1 j=1 j=1

here z = (IOaxlv"'7xn)7 Yy= (yan17~" ayn) € D7

T r ; r
o = Rcosh 7 T = Rsinhﬁ cosﬂil_[;;ll sinf;, foralli=1,2,..,n -1, z, = Rsinh RH?;I sin 0;;
sin ;.

(8.1.1)

Yo = Rcosh%, Y = Rsinh%cos%ﬂ;;ll sing;, foralli=1,2,..,n -1, y, = Rsinh %H;:ll

Here [ means the product notation. In order to distinguish it from the profit functional II, equi-
valently, in this section, we minimize £ := —II. Let u be the uniform measure on this hyperbolic disk
D. The participation constraint is ug(x) = —%d%(m,y@), where yp = (R,0,0,...,0) € D is the outside

option with a fixed price zy = 0.
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Thus, the monopolist problem becomes

max O(u) = max /W(x,gjg(x,u(x),Du(x)))du(x) (8.1.2)
w s Groomvex w is Gooomvex ¥ X

= max /X —%d%(m,yg(x,u(x),Du(x))) — u(x)dp(z). (8.1.3)

uzum

—  min /X %d%(x,yc(:c,u(ac), Du(x))) + u(x)dp(z). (8.1.4)

u is G-convex

(Ps) =— min L(u). (8.1.5)
wSuy
u is G-convex

Lemma 8.1.1. Let x(t) be any curve on D, with |Z(ty)] = 1, and y be any point on D. Suppose
Didp (x(t),y)|i=t, exists, then |Didp(x(t),y)|t=t,| < 1.

Proof. By the triangle inequality, we have

Dat (). )| =| iy P2 D |y |80 ()]
< lim, —dH(f”t(t)’tx(t“)) — Ji(to)| = 1.
t—td —to

O

Corollary 8.1.2. Since ’7‘%(“91{’9‘;’9"*1)‘ = lim d(w("el""’9”’1)’f(r+s’91""

Inz1)) — iy & = 1, by Lemma
s—0 ‘ s—0 ¢
), we have |Dydg(x(r,01,...,0,-1),y)| <1, for all z,y € D.

The following theorem shows a unique solution @, with the explicit formula, to the principal-agent
problem, on a negative curvature space D. Its proof has three parts. In step 1, we first derive @ as a
local minimizer among the class of C'! radially symmetric functions which are bounded below by the
reservation utility, using the Calculus of Variations, then show it is also the unique global minimizer in
this class. Then in step 2, we prove by definition @ is G-convex. In step 3, we show that u is also a

minimizer among all the G-convex functions. Moreover, the minimizer is unique.

Theorem 8.1.3. The program (Ps) has a unique minimizer on D. And

argmin L(u) = argmin L(u) = argmin L(u) =:a(r)
u27%r2 u27%7‘2 u>ug
u is radially symmetric u is radially symmetric u is G-conver
ueC!(D) u is G-convex
where
1, i
—57 0<r<r

2 )

=
AN
=

INA
il
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Here 7 satisfies

/ sinh™ ! (%) do + 7sinh™ ! (;) =0.
1

Proof. Step 1: Firstly, find the minimizer of £(u) for all u satisfying u(r) > 757“2 and wu is radi-
ally symmetric. Assume % € C? piecewisely on D is such a minimizer. For each agent z, ii(z) =

sup —3d% (z,y) — v(y), one can find the optimal y¢(x, u(xz), Du(z)) via
y

1
Dra(x) = D'r _7d2 (%ZJG(%@(U’U)»D@@))) ’
( 2 ) (8.1.6)

Do) = Dy, (= 5.y, a(e). Da(o) )

From the above equations, we can see that yg(z, @(z), Da(z)) could be uniquely determined by = and
Dii(x). In this section, we use yg(x, Da(x)) to denote ygo(z, u(z), Du(x)).
Since @ is radially symmetric, thus Dy, @(z) = 0, for all ¢ = 1,2,...,n — 1, and D,a(x) = @ (r).

Q A

From (B.1.9), one can derive 6; = ¢;, for all i = 1,2,...,n — 1, and dy(z,ye(z, Du(x))) = |r — s|,

D,dy(z,yc(z, Du(x))) = Sl S sign(r — s), for x,yg(z, Du(z)) € D with polar coordinates intro-
[ sin 72|
duced in ()
Again from (B.1.6), @/(r) + |r — s| - sign(r — s) = 0 implies s = 7 + @/(r), and (@/'(r))? = (s —
r)? = d% (2, yc(z, Du(z))). Notice here magnitude of yg(z, Du(z)) should be non-negative, so we have
constraint r 4+ @/(r) > 0, which will be used later.

After calculating ya(z, Du(z)), one can compute
_ 1 _
£60) = [ 5wl Du(o) + a(e)du(z)

/ / / /27r [ a/(ZT - +alr )] R (Sinh %)"—1 (sin@y)" 2. (sinf,_o)dbp_1 - - - dfidr
—OO/O {(2)) +a(r } (smh )n_l dr.

Here Cy = fo . fo "R Y(sin@;)" 2. .- (sinB,_2)df,_1 ---db; is a positive constant.

Since u(r) > 777"2 let A € [0, 7], such that A x [0, 7]" "2 x [0,2n] = {(r, 61, ...,0,_1) | u(r) = —3r?}.
Define B = [0,7] \ 4, so a(r) > —3r? on B.

Denote Uy = {w € C'(D) | w is radially symmetric and w =0 on A x [0, 7]"~% x [0, 2] }. Since @
is a minimizer of L(u), for any w € Uy, one has

OL (1 + cw)

0= Oe

e=0

=C) /B[T/(T)w’(r) +w(r)] (sinh %)7%1 dr

= CO/ w {(sinh %)”—1 —a"(r) (Sinh %)"—1 - n;% 117/(7") (Sinh %)n—2 cosh ;} dr
B

+ Co (ryu(r) (sinh %)H

0B

By the fundamental lemma of the Calculus of Variations, and the inequality we derived from non-
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negativity of the magnitude of yg(z, Du(z)), we have following constraints for @:

r+a'(r) >0, (1) on B;
(ODE) § @' (r) + %5 -/ (r)(coth ) =1 =0, (2) on B\ dB;
w(r)@'(r)(sinh )" |op = 0, (3) for all w € U;.

The equation (ODE)(2) implies, for all r € B,

r 1—n t r 1—-n
Lt .o\ ! . t
a(r) = /0 (smh R) /0 (smh E) dodt + C4 /0 (smh R) dt + Cs.

Taking the derivatives of u,
a'(r) = smh {/ — n dcr + Cl} ,
0

i n—1 cosh = /
a’(r) R s B [ ; da +C

Consider the sign of C, there are two cases:

1. If C1 > 0, then @' (r) > 0, which implies 4(r) is increasing on B.

2. If C1 <0, then @’(r) > 1 — 231 COSh*) J, (sinh %)"~'do. Define

sinh™

Rsinh" (%) T, gyn-1
hi(r) = m 7/0 (smh E) do.

Then h1(0) = 0,h}(r) = % > 0, for all » € [0,7]. Thus, hi(r) > 0, for all r € [0,7],
which implies, v (r) > 0, i.e., 4 is convex on B.

In either case, A is path-connected, since one cannot join two points on ug(r) = —%72 by either
increasing or convex curve above the graph of ug.

Assume A = [ay, an] # [0,7]. For the relative position of A and B, considering AU B = [0, 7], there
are three cases:

1. If o > 0,9 < 7, assume B = By U By with By = [0,a1) and By = (a2,7]. Let @/(r) =
(sinh £)'="[ [y (sinh %)"~do + Cy,] on By and @'(r) = (sinh )1 [y (sinh %)"~do + C1,] on
Bs. Then by (ODE)(3), one has @' (r)(sinh )"~ !7_ = fo (sinh )"~ tdo+Cy,] - Cy, =0,

which implies

T o\n—1
Cy, =Cy, —/0 (smh E) do. (8.1.7)

Since @(r) > ug(r) on By with equality holds at r = a1, we know 4 could not be increasing on Bj.
Therefore, by the above discussion, we know C7, < 0 and C;,. < 0 by () Thus @ is convex
on B. In particular, @ is convex and decreasing on By. Let & = @ on AU By, and @ = ug on Bj.
Then for any r € By, @(r) — a(r) <0 and 0 > @'(r) > uj(a1) > @ (1) > @' (r). Thus,

(i) - £(7) = Co /Oal { [W”F _ (“/(’"))1 +li— u(r)]} (sinh %)"71 dr<0.  (8.18)

2 2
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Therefore, this case is reduced to the following one where a; = 0.

2. If oy = 0,az # 7, then by (ODE)(3), one has @'(r)(sinh )"~ *|,—# = 0, which implies @'(7") = 0.

Thus, C; = — fof(sinh %)”_1(10. In this case, % is convex and decreasing on B.

3. If oy #0,a3 =7, then by (ODE)(3), one has @' (r)(sinh %)"!|,—o = 0. That is,

L/OT (sinh %)n_l do + Cl}

which implies C; = 0. In this case, @ is increasing on B. Notice that @(r) > —%TQ with equality

r=0

holds at r = a4, a contradiction.

Summing up all the possible cases above, we know there exist a € [0,7], such that A = [0, a],

B = (o, 7]. By (ODE)(1), we have for any r on B,

/T_ sinh" 1 (%) do + rsinh™ ! (%) > 0.
Define ,
ho(r) = /F sinh" ! (%) do + rsinh™™? (%) .

Then

/ _ . n—1 1 _ : n—2 1 1 L

h5(r) = 2sinh (R) + (n — 1) sinh (R) (cosh R) 7> 0.

Thus hg is strictly increasing. Notice that ho(7) > 0, and ho(0) < 0. Thus there is a unique solution of
ha(r) =0 in [0, 7], denote it 7. Then (ODE)(1) implies, o« > 7, where 7 satisfies

/ sinh”~? (%) do + 7sinh™ ! (;) =0. (8.1.9)

Since @ is continuous, at r = «, one have

1 @ t I=n rt -1 v 1 a ¢ 1—n
ﬁaz:/o (sinhR> /0<sinh%)" dodtf/o (sinh%)n da/o (sinhR> dt + Cs.

This implies

Cy = L2 ’ h AN h n_ld dt + ' h n_ld ’ h t 17nd
1y — — . — - :
5 2a /0 (sm > /o (sm ) o /0 (sm ) 0/0 (sm >

For any given a € [, 7], denote

1
— =2, 0<r<a

2
_ " : t 1-n ! : 0 \n—1
U (1) = i (sinh E) ; (sinh E) dodt
1

—/0 (sinh%)"‘lda/a (sinh%)l_"dt—ioﬂ,

a<r<r.

Define hz(a) = L(t,,) for all a € [7, 7).
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Then )
C T
S(a) = 7osinh17” (%) [asinh"1 (%) —/a sinh" ! (;) da] >0
for all « € [F,7].
Define hy(a) := asinh"_l(%) - f; sinh"_l(%)da for all a € [, 7).

Then

-1
hiy(a) = 2sinh™? (%) + nTa sinh” 2 (%) cosh (%) >0
on [7, 7] and hy(7) = 0, which implies hy(a) > 0, for « € (7, 7.

Thus, hj(a) > 0, for all « € (7, 7], which implies

min L(4,) = min hs(a) = hg(F) = L(7).

a€(r,T) a€(r,T)

Therefore, @(r) = 47(r). And

1
,57,2 0<r <7
" t K o
u(r) = /F sinh!™" (R) /0 sinh" ! (E) dodt ) )
- - ; 1 ,r<r<rT
—/O sinh" ! (3) da/F sinh! ™" <R> dt — 5(7)?
—r ,0<r <
w(r) =1 . hl—n( ) T h”—1<0)d F<r<r
sin : sin z)do T<rsT
—1 — r . n—1 /(o
u"(r) - (n—l)cosh(ﬁ.)fz 51:1h (2) do Ger<r
Rsinh (E)
Since 0_u'(7) = 0@ () = —7, thus @ (7) exists, and @' (7) = —7.

We now show the above @(r) is indeed the (global) minimizer, i.e.,

a(r) = argmin L(u).
u>— %72
u is radially symmetric
ueCt(D)

Denote Uy = {w € C*(D) | w is symmetric and w > 0 on A x [0, 7]~ x [0,27]}. For any w € Us,
L(a+w)— L(a)

myer /0 E(u’(r) () - (1) + w] sinh (2 ar

(8.1.10)

Drop a non-negative term with integrand (w’(r))?, plug in @ on A x [0,7]"~2 x [0,2n] and use the
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integrate by parts formula, one has

() > Cy /Or[ﬂ’(r)w’(r) + w)] sinh" (%) dr.

- [t (5 o st (3o

= () /Orw |:2 sinh™ ! (%) + nl—% 1rsinh”*2 (%) cosh (;):| dr — Corw(r) sinh” 1 (%) [
o [w [(1 — @ (r)) sinh" ! (%) - n]; L& (r) sinh™2 (%) cosh (;)} i

r

+ Co@/ (r)w(r) sinh™ " (E) ’

T

By equation (ODE)(2), the term

Co /Frw {(1 — @ (r)) sinh™ ! (%) — n;{ 111’(7") sinh™ 2 (%) cosh (;)] dr

vanishes. Drop the term with non-negative integrand

o [ |2n ™ () P (1) cosh ()|

Thus,

(B.1.10) > —Corw(r) sinh™ ! (%) ‘; + Co@' (r)w(r) sinh™ (%) '

7

= 0.

The last equality holds because @' (7) = —7 and @'(7) = 0.

In addition, if £(% + w) — L(@) = 0, from above inequalities and since w € C*, we have w'(r) = 0 on

D, i.e., w = (3, for some non-negative constant C3. Then

. _ _ _ " 7 / . n—1 L _ r . n—1 1
0=L(a+w)— L(a) > CO/O [@ (r)w'(r) + w] sinh (R) dr COC’g/O sinh (R) dr > 0.

Since both Cy and fof Sinh"_l(%)dr are positive, we have C3 = 0, i.e. w =0 on D. Therefore, @ is the

unique minimizer.

Step 2: To check that @(z) is G-convex, it is equivalent to prove @(x) is b-convex in the sense of [[L1],
or equivalently —u(x) is (—b)-concave in the sense of Definition 5.3.1, where b(z,y) == —1d3(z,y).
That is, we need to show @(z) = —((—a)=?")(=¥)(z), for all 2 € D. Denote ¥(y) = —(—a) """ (y), and
d(z) = —(—)(=)(z). Then it is equivalent to show u(z) = ¢(x), where

¢($) = Slylp b(gj,y) - d)(y)a

and Y(y) = sup b(z,y) — u(x).
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By definition, we have
1 _
¥(y) = sup —5dy (v,y) — ()

From equation (B.1.1]), we know that |[M| < 1 and M =1 holds when 6; = ¢, for each i = 1,2,...,n — 1.
Thus,

Y(y) = sup — 5 (r — )° ~ 1)
For each s € [0,7], define hi(r) :== —%(r — s)? — u(r). Then

s ,0<r <

(h3)'(r) = s—r —sinh!™ (%) [T sinh" ! <g> do ,7F<r<T

0 ,0<r <
(h3)"(r) = {

-1-d"(r)y< -1 ,F<r<r.

Thus, hi(r) is concave on [0,7] and strictly concave on [7,7]. Since @’ is continuous, thus (hg)'(r) is
continuous. Notice (hf)'(7) = s > 0 and (hg)(F) < 0. Therefore, for each s € [0,7], (h)'(8) = 0 has
exactly one solution on [0, 7], which is located on [7, 7] and takes the maximum value of hf.

Let hg(s) be the unique solution of (h{)'(5) = 0, for all s € [0, 7].

Then hg(s) € [F, 7], and hg(0) = 7, he(F) = 7.

Since (hg)'(s) > 0 = (hg)'(he(s)) and (hE)’ is strictly decreasing on [, 7], we have hg(s) > s.

For any 0 < s1 < 5 < 7, (h2) (ho(s2)) = 0 = (h31)'(hs(51)) < (k) (s(1)), thus ho(s1) < ho(s2),
i.e., hg is strictly increasing. By the Implicit Function Theorem, one has hg € C1. Thus, h§ > 0. Here,

denote

@) =sup 5 (a.) = v(v)

=sup—3 (= 5)? + 5 (hols) —)° + ualhe(s)
For each r € [0,7], define h%(s) :== —4(r — 5)® + & (he(s) — s)? + uz(he(s)). Then

(h7)'(s) =1 — he(s),
(h7)"(s) = —(hs)'(s) < 0.
Plugging in s = 0,7, we have (h%)(0) = r — 7, (h)'(F) = r — 7 < 0. Therefore,
1. For r € [0,7], (h%)'(s) < (h%)'(0) <0, then we have ¢(z) = Sl,slp(h,?;)(g) = (h3)(0) = —1r2 = uy (r);

2. For r € [F,7], since (h})'(0) > 0, (h%)(F) < 0, then we have ¢(z) = Sl;p(h?)(s) = (h5)((hg (1)) =
usa(r).
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Thus, ¢(z) = @(x), which implies @ is G-convex. So,

a(r) = argmin L(u).
u>— %r2
w is radially symmetric
u is G-convex

Step 3: We are going to show
= argmin L(u).
u>ug
u is G-convex

Suppose u is any G-convex function (not necessarily radially symmetric), then there exists a function
v, such that u(z) = maxb(x,y) — v(y). Thus,
y

D,u(x) = D.b(z,yg(z, Du(z))) = —du(z,yec(x, Du(z))) - Drdg(z, yo(x, Du(x))),

where yg(z, Du(x)) = argmax b(z,y) — v(y). By Corollary (B132), we have
y

_ |Dyu(z)]? S [Dru(z)?
2|Ddp(z, yg(z, Du(x)))|2 — 2 ’

~ by, Du(w))) = % 2,y (e, D)) (8:1.11)

Denote Us = {w :D— R | 4+ wis G-convex,and w > 0 on A x [0, 7]""2 x [0,27r]}. For any w € Us,

we have
L(u+w)— L(a)

Z/D[—b(%yc(w,Dﬁ(w)+Dw($))) +0(z,ya(z, Du(r))) + w(z)] dp(z).

Similar to (), one has

(8.1.12)

Thus,

()z/

1 1
[2|Drﬂ + Dyw|? — §|ﬂ’(r)|2 +w(z)| du(z).
D

Simplify the right hand side, drop a non-negative term with integrand %\Drw\Q and change to polar

coordinates, then plug in @’ on A x [0,7]"~2 x [0, 27] and B x [0,7]"~2 x [0, 27, separately. Denote
de = Rn_l sin"_z 91 sin"_3 92 ---sin 9n72d91d92 s d@n,l.

Thus

()z/

[@(r) - Dyw + w]R" ' sinh™ (%) Sin" 2 0, $in" % 0 - - - sin O _odrddydly - - - b,
D
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oy [t () D s (1] drae

" t T
+ / [/ sinh" () dt - Dyw +w - sinh™ ! (— } drd®.
Bx[0,x]"—2x[0,27] LJ7 R (R)

Use the integration by parts formula, then drop the term with non-negative integrand

/[0,77]"2><[0,27r] /on [2 sinh"”* (%) + n}; L sin 2 (%) cosh (;)} drd®.

Thus,

() 2/ ) {/Fw {2 sinh™ ! (%) + n}—{ 17’sinh”_2 (%) cosh (;)} dr
(0,7]7~2x[0,27] | Jo
= [ () o[ }d@
+/[o,7r]n2x[o,27r] |:/7: sinh"™ <;) dt'w} =

~ ' t
> —7sinh™ ! (r) —/ sinh™ ™! () dt| -w(r, 6y, ...,0,_1)dO©
[0,7]7—2 % [0,27] l R 7 R ' )

= 0.

do

The last integral equals to 0 by the definition of 7. Therefore, L(u+ w) > L(u) for any w € Us. For any
G-convex u > ug, u — u € Uz. So
w€ argmin L(u).
u>ug
u is G-convex

If, in addition, £(u+w)—L(w) = 0, then the above inequalities must be equalities. Thus D,w(z) = 0,
for almost every x € D. Since both @ +w and % are G-convex, w € C11, thus D,w(x) = 0, for all x € D.
So, one can write w(z) = w(f, ...,0,—1). Since for z € A x [0, 7]~ x [0, 27], w(z) > 0, we have w > 0

on D. Then from the above inequalities, we get

0=L(a+w)— L(a) > / w(x)R"! sinh"il(%) sin" "2y ---sinb,_odrdfy ---df,_, >0
D

Thus w(z)R"~! sinh"_l(%) sin" 26, - -sinf,_o = 0, for almost every x € D. This implies w = 0 on D.

So @ is the unique minimizer, i.e.
= argmin L(u).

u>ug
u is G-convex

Remark 8.1.4. We also have uniqueness results with different explicit solutions on S™ and R, where
the uniqueness is also ensured by Figalli-Kim-McCann[L1]. Moreover, the solutions on S, H™ converge

to those on R, as curvatures go to 0.
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The unique minimizer of the principal-agent problem on R™ is given by

1
—5r 0 <7 < R
Urn(r) = —\n 2 2
L ) L
n(n —2) 2n 2(n—2)(n+1)"
Here rg» = r .
(nt1)m

Moreover, the unique minimizer on S™ is given by

1

2

" sal—n l
agn(r) = /an sin (R)

Here 7g» satisfies

Tgn -~
/F sin” ! (%) do + fgn sin™ ! (7?%) =0.

The proofs are similar to that of Theorem .

65
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8.2 Convexity results on several examples for the non-quasilinear

case

We close with several examples, which are established by computing two derivatives of 7(x, y:, ;) along

an arbitrary G-segment ¢ € [0,1] — (x, y¢, 2z¢). These computations are tedious but straightforward.

For specific non-quasilinear agent preferences, we use the explicit expression in Lemma for the
desired second derivative to establish the following examples, which assume the principal is indifferent
to whom she transacts business with and that her preferences depend linearly on payments. These
examples give conditions under which the principal’s program inherits concavity or convexity from the
agents’ price sensitivity. Although the resulting conditions appear complicated, they illustrate the subtle
interplay between the preferences of the agent and the principal for products in the first example, and

between the preferences of the agents for products as opposed to prices in the second.

Example 8.2.1 (Nonlinear yet homogeneous sensitivity of agents to prices). Take n(z,y,2) = z — a(y),
G(z,y,2) = b(z,y) — f(2), satisfying (G0)-(G6), G € C3(cl(X x Y x Z)), m € C?*(cl(X x Y x Z)), and
assume z < +00.

1. If f(z) is convex [respectively concave] in cl(Z), then II(u) is concave [respectively convex] for all
w < L™ if and only if there exists ¢ > 0 such that each (z,y,2) € X x Y x Z and £ € R" satisfy

i{akj@) -tarod) (et al(y))bi’l(m,y)bi,kJ-(x,y)}s’“fj zelef. (320

2. In addition, II(u) is uniformly concave [respectively uniformly convex] on W12(X, du) uniformly
for all p < L™ if and only if £f” > 0 and () holds with € > 0.

Proof. From Lemma , I(u) is concave for all p < L™ if and only if (7 5; — W,Téz’l_éi/@”xo:q
is non-positive definite, and uniformly concave uniformly for all y < £™ if and only if this matrix is
uniform negative definite.

In this example, we have 7(z,y,2) = 2z — a(y), G(z,z0,y,2) = 0G(x,y,2) = xo(b(z,y) — f(2)).

Thus,
—ar; O A b 0
7T7E3 = ( 0 J 0) ) ﬂ-j = (_al’ 1)7 G%,Z|$O:71 - ( bz _f/(z>> '

By (G4), f'(2) > 0 for all z € cl(Z). By (G6), since G|, __, has the full rank, the matrix (bi,)

also has its full rank. Taking b*! as its left inverse, we have

- —bi! 0 - —b; 15 0
R _ ) o _ i,k
G* R = (_ b,lb’t,l 1 > ) Gi,k)j|x0:_1 = < b 7-] (_f/(z))7 .
f'z)  —=f'(2) kj J

Therefore,
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—Akj i )
:< J > ( azbl-i-fbl)bZl)bzky_W]g)’%)

(ak3+( w+ )bk — 0 )
= HONE
0 I4e)

Since (G4) and f is convex, we have f'(z) > 0and f”(z) > 0, forall z € cl(Z). Thus, 7 ;-7 lG’ IG;
is non-positive definite if and only if ax; + (—a; + %)bi’lb@kj — % is non-negative definite, i.e., there
exist € > 0 such that each (z,y,2) € X x Y x Z and £ € R™ satisfy

1,kj

{akj(y) - b?,((i’)w + (b’l(x,y) — al(y))bi’l(x,y)bi,kj(ﬂc,y)}fkﬁj >e|€ .

In addition, 755 — 7 lG ZG; &; is uniform negative definite if and only if f” > 0 and & > 0, which
is equivalent to that II(u) is uniformly concave uniformly for all ;1 <« £™. Similarly, one can show

equivalent conditions for II(u) being convex or uniformly convex. O

Although the next two examples are not completely general, they have the following economic inter-
pretation. The same selling price impacts utility differently for different types of agents. In other words,
it models the situation where agents have different sensitivities to the same price. In Example B2,
the principal’s utility is linear and depends exclusively on her revenue, which is a simple special case of
Example B23.

Example 8.2.2 (Inhomogeneous sensitivity of agents to prices, zero cost). Take w(x,y, 2) = z, G(z,y, 2)
= b(x,y) — f(x,2), satisfying (G0)-(G6), G € C3(cl(X x Y x Z)), 7 € C*(cl(X x Y x Z)), and assume
Z < +oo. Suppose D, ,b(x,y) has full rank for each (x,y) € X x Y, and denote its left inverse b!(z,y).

1. If (z,y,2) — h(z,y,2) = f(z,2) — bi(z,y)b" (x,y)f; (z,2) is strictly increasing and convex
[respectively concave] with respect to z, then II(u) is concave [respectively convex] for all < £™ if and
only if there exists € > 0 such that each (z,y) € X x Y and £ € R" satisfy

{—bm(x y) + ba(z,y)b" (@, y)bi ks (=, y)}f gel¢f. (8.2.2)

2. In addition, II(u) is uniformly concave [respectively uniformly convex] on W12(X, du) uniformly
for all yr < £™ if and only if £h.. > 0 and (8.2.9) holds with & > 0.

Example 8.2.3 (Inhomogeneous sensitivity of agents to prices). Take 7(x,y, z) = z—a(y), G(z,y,2) =
b(z,y) — f(x,2), satisfying (G0)-(G6), G € C3(cl(X x Y x Z)), 7 € C?(cl(X XY x Z)), and assume
Z < +00. Suppose D, ,b(x,y) has full rank for each (z,y) € X x Y, and 1 — (f.)"1b gb*" f, . # 0, for
all (z,y,2) € X XY x Z.

1. If (z,y,2) — h(z,y, 2) == aib™ f; ..+ (a5t " foe=1)(bab" fizz—/z) >0 [< 0], then II(u) is concave

. »Ys 'Y . l 1,22 f-—b, Bba Bfe -

[respectively convex] for all p < L™ if and only if there exists € > 0 such that each (z,y,2) € X xY x Z
and £ € R" satisfy

1-— aﬁba’ﬁfaﬁz
1- (fZ)_lb,Bba’Bfa,z

:t{ agj — albi’lbi,kj + f f

(7bkg blbzlblk])}gkgj >e|€)?. (8.2.3)
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2. If in addition, IL(w) is uniformly concave [respectively uniformly convex] on W?2(X, du) uniformly
for all p <« L™ if and only if +h > 0 and () holds with ¢ > 0.

Proof. Similar to the proof of Example , I(u) is concave for all u < £™ if and only if (7 z; —
W’[G;’Z_Gg’fﬁ) is non-positive definite, and uniformly concave uniformly for all y < £™ if and only if this
tensor is uniform negative definite.

Since Dy ,b(x,y) has full rank for each (z,y) € X x Y, and for all (z,y,2) € X xY x Z, 1 —
() 2b,6b™ o £ 0, for (@, 2) = = — a(y), G, 30,9, 2) = wo(b(a, y) — [(z, 2)), we have

~i LA
— (75 — GGG ;)

(a5t fa: = V(b = bab"'bisy)
fz — b$gba’ﬁfa,z

akj — albl’lbi7kj +

0 h(z,y,z)

where h(z,y,z) = a;b"' f; .. + (aﬁbaﬁf;z’fbl;l(f;’fg;if:’“7f“). Since h(z,y,z) > 0, then (7 35 — 71'7[@;’[@;7,;5)

is non-positive definite if and only if there exist ¢ > 0 such that each (z,y,2) € X XY x Z and £ € R"

satisfy

(a[-}ba”@fa’z — 1)(b,kj — b’lbi’lbi’kj)
fr—=bgb*Ffo

In addition, II(u) is uniformly concave uniformly for all y < £™ if and only if A >0 and ¢ > 0. O

{akj — apb'b; i + }fkﬁj >e|E).

Example asserts the concavity of monopolist’s maximization in the zero-sum setting, where
the agent’s utilities are relatively general but the principal’s profit is extremely special. Also, more

non-quasilinear examples could be discovered by applying Lemma BZS.

Example 8.2.4 (Zero sum transactions). Take 7(z,y,2) = —G(z,y, z), satisfying (G0)-(G5) and p <
L™, which means the monopolist’s profit in each transaction coincides exactly with the agent’s loss.

From (EZZT), since G is linear on G-segments, we know II(u) is linear.
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